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ABSTRACT

Fair and Energy-Efficient Resource Allocation Optimization

in Wireless Networks

Quoc-Viet Pham

(Advisor: Prof. Won-Joo Hwang)

Department of Information and Communication Systems

Graduate School, Inje University

The use of network utility maximization (NUM) paradigm for the overall performance of communication

networks is to decompose the whole problem into sub-problems at various network layers, i.e., cross-layer

design. Among the problems addressed in cross-layer designs, congestion control has been regarded as

the key issue, since appropriate congestion control schemes can ensure network stability and acceptable

performance. For a part of the Ph.D. studies, we survey the state of the art cross-layer congestion control

in wireless networks and propose two congestion control schemes in multipath lossy wireless networks and

complex communications systems. This part is however not covered in this thesis and can be found in our

articles in the section Publications.

The rapid expansion of wireless communication networks drives the research community to design

wireless networks with higher spectral efficiency and energy efficiency. Besides, fairness among mobile

users in wireless networks is of critical importance. To satisfy QoS requirements and guarantee fairness in

next-generation networks, many of technology and network architecture evolution have been proposed, for

example, heterogeneous networks (HetNets), device-to-device (D2D) communication, massive multiple-

input-multiple-output (massive-MIMO), and non-orthogonal multiple access (NOMA). This thesis consid-

ers three fair and energy-efficient resource allocation problems in such kinds of wireless networks. In

particular, various power control schemes are proposed for interference management in HetNets, for the
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tradeoff between spectral efficiency and energy efficiency in spectrum-sharing wireless networks, and for

fairness in NOMA systems.

Our first work considers energy-efficient power control schemes for interference management in uplink

spectrum-sharing heterogeneous networks, consisting of a higher-tier macrocell and multiple lower-tier

smallcells, where the optimization problem is formulated based on the multi-objective formulation subject

to constraints on rate outage probability and maximum tolerable interference at the macro base station. In

the first scenario, the objective function is defined as the weighted sum of the energy efficiencies and the

optimization problem is in a sum-of-ratios form, which cannot be conventionally solved by the Dinkelbachs

procedure; we develop an efficient global optimization algorithm with global linear and local quadratic rate

of convergence to solve the considered problem. To ensure fairness among individual UEs in term of energy

efficiency, we consider the max-min problem, where the objective is defined as the weighted minimum of

the energy efficiencies and a fractional programming theory and the dual decomposition method are jointly

used to solve the problem and investigate an iterative algorithm. We further discuss the global energy

efficiency problem and consider near optimal schemes. Numerical examples are provided to demonstrate

significant improvements of the proposed algorithms over existing ones.

The second work introduces a fair and energy-efficient resource allocation framework in spectrum-

sharing wireless networks with quality-of-service guarantees. Consider the tradeoff between energy effi-

ciency and spectral efficiency, the multiobjective problem of spectral efficiency and energy efficiency is

transformed into a problem that minimizes the total power consumption and maximizes the achievable

utility, subject to power constraints and rate outage probability constraints. We then analyze the complex-

ity of the considered problem; particularly, the optimization problem is NP-Hard when 0 < α < 1 and

α = 0 and is convex for other values of the fairness index α. After that, we adopt the successive convex

approximation approach to approximate and transform the NP-hard nonconvex optimization problem into

a sequence of convex programs and propose two iterative successive convex approximation (SCA) based

resource allocation algorithms. Extensive simulation results are presented to demonstrate the effectiveness
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and outperformance of the proposed algorithms over existing frameworks.

NOMA is now considering as a promising radio access technique for next-generation networks owing

to its offered benefits, e.g., spectral efficiency improvement. Due to the successive interference cancellation

(SIC) order at receivers, fairness among users in NOMA may not be guaranteed. Our third work focuses

on -fair resource allocation in NOMA. The complexity of the considered problem is then analyzed. In

particular, the problem is shown to be convex when 1 ≤ α < ∞ and α = ∞, NP-Hard when 0 < α < 1,

and polynomial time solvable when α = 0. Finally, simulation results are provided to examine effects of

the fairness degree on the system performance and verify the effectiveness of our proposed algorithms.

Keywords: Fairness, Energy Efficiency, Spectral Efficiency, Power Allocation, Heterogeneous Networks,

Non-Orthogonal Multiple Access, Spectrum-Sharing Networks.
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Chapter 1

Introduction

Firstly, this chapter provides the brief to key technologies in 5G communication networks. Then, mo-

tivations behind and contributions of the approaches proposed in this thesis are explained. Finally, the

organization of this thesis is given at the end of this chapter.

1.1 Background

We are approaching the fifth-generation wireless network, which will be able to provide a 1000 times

increase in data traffic and one millisecond round trip latency compared to current cellular networks [1]. It is

anticipated that there are more than 100 billion devices with approximately 8.0 billion mobile subscribers in

2016 due to the proliferation of electronic devices such as smartphones and tablets and many new personal

applications [2, 3]. Smartphones accounted only 45 percent of total mobile devices and connections in

2016; however, smartphones represented 82 percent of total mobile traffic [3]. The Cisco white paper [3]

also presents some milestones of mobile data traffic through 2021, for example, annual global mobile data

traffic will exceed half a zettabyte, mobile will represent 20 percent of total IP traffic by 2021, the number

of mobile-connected devices per capita will reach 1.5 by 2021, and smartphones will account for over 50
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Chapter 1. Introduction

percent of global devices and connections by 2021. As a result, it is important to find feasible solution and

develop disruptive technologies for the stringent throughput requirement in 5G wireless networks, which

according to [1, 4] are:

• Millimeter wave (mmWave): the enormous chunk of spectrum at mmWave frequencies can be used

in order to transmit digital signal at a rate of gigabits per second for 5G networks.

• Massive multiple-input-multiple-output (massive MIMO): massive MIMO is a system, where the BS

is equipped with hundreds or thousands of antennas. The very large number of antennas is used to

multiplex signals of several mobile users at the same time-frequency resource.

• Device-centric architecture: The cell-centric architecture in 1G, 2G, 3G, and 4G should be changed to

the device-centric architecture, where a mobile user is served and connected a set of network nodes.

• Smarter devices: mobile devices are designed and integrated with new technologies such that they

will be more responsible for transmission and reception of digital data signals. Device-to-device

(D2D) communication and local caching are two examples of smarter devices.

• Native support for machine-to-machine (M2M) communication: M2M communication is supported

in 5G communication with three main requirements: ability to support a large number of connected

devices, extremely high link reliability, and very low-latency and real-time data transmission.

The demand for higher data rates in wireless networks has also triggered the development of multi-tier

heterogeneous wireless networks (HetNets) in 4G and ultra-dense HetNets in 5G. A HetNet is defined as

an integration of higher-tier macrocells and lower-tier smallcells. There are a number of kinds of smallcells

in HetNets, for example: picocells, femtocells, relays, and remote radio heads (RRHs). Picocells are small

base stations (BSs) with a coverage of hundreds of meters which are deployed by network operators; small-

cells are installed by users to serve a small number of users a indoor spots; relays are access points which

are deployed by network operators in order to cover dead zones and cell edges of macrocells in HetNets;
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Chapter 1. Introduction

and RRHs are radio frequency units which are install by operators to extends the coverage of the macro BS

to remote areas. With the deployment of smallcells, the network capacity significantly increases, which is

attributed by reduced distance among femtocells and users, lower transmit power, smaller interference from

neighboring macrocells, and a large portion of resources. However, the interference management problem

becomes critical in HetNets due to the new existences of macrocell-to-femtocell interference, femtocell-to-

femtocell interference, and femtocell-to-macrocell interference.

An active research direction in 5G networks is on multiple access schemes. Various radio access tech-

nologies have been applied in the previous network generations, for example, frequency-division multiple

access (FDMA) for the 1G network, time-division multiple access (TDMA) for the 2G network, code-

division multiple access (TDMA) for the 3G network, and orthogonal frequency-division multiple access

(OFDMA) for the 4G network. A common point in above multiple access scheme is that each user is served

on and assigned to an exclusively allocated resource. Now, non-orthogonal multiple access (NOMA) is

considered as a promising multiple access (NOMA) technique in 5G networks. The fundamental idea of

NOMA is the use of superposition coding technique at the BS side and multiple user detection at the user

side, and a set of users share the same time-frequency resource. NOMA can be classified into power-

domain NOMA and code-domain NOMA; power-domain NOMA do multiplexing in power domain while

code-domain NOMA do multiplexing in code domain. Typical examples of code-domain are low-density

spreading CDMA, low-density spreading-based OFDMA, and sparse code multiple access. A comparison

between OMA and NOMA can be summarized in Table. 1.1 [5]. Although NOMA is able to support a large

number of users at a time instance and improve spectral efficiency and fairness, various technical issues as-

sociated with NOMA must be addressed before its use in real networks. Islam et al. in [6] provide some

research directives for NOMA in their survey: dynamic user pairing, impact of transmission distortion,

impact of interference, resource allocation, NOMA with multiple antenna, NOMA with HetNets, outage

probability analysis, uniform fairness, NOMA with antenna selection, and carrier aggregation.

In another viewpoint, the problem of energy efficiency in wireless networks is critical and has become a

3



Chapter 1. Introduction

Table 1.1: Comparison between OMA and NOMA

Frameworks Evaluation

OMA
- Simpler receiver detection - Lower spectral efficiency

- Limited number of users
- Unfairness for users

NOMA

- Higher spectral efficiency - Increased complexity of receivers.
- Higher connection density - Higher sensitivity to channel uncertainty.
- Enhanced user fairness
- Lower latency
- Supporting diverse QoS

very popular research topic in recent years. There are three main reasons for the focus on energy efficiency

problems [7]

• The huge number of connected devices poses sustainable growth concerns. The 1000 times increase

in higher data rate should be achieved with the same level of energy consumption, i.e, the 5G network

targets at a 1000 times increase in the energy efficiency.

• The exponential growth of wireless networks causes environmental concerns. It was showed in [8]

that information and communication technology (ICT) products and services account for 3.9% in

2007 and 4.6% in 2012 of the world-wide energy and that percentage is still increasing. More than

half of the ICT energy is consumed at the BS, which causes about 2% of the world-wide CO2 emis-

sion. In addition, electromagnetic pollution and improper disposal of end-of-life electronic devices

are considered as ecological concerns.

• Energy-efficient wireless networks are also driven by economical reasons. From the operator’s view-

point, a large amount of money for electricity bill and maintenance costs can be saved by maximizing

energy efficiency.

Possibly, energy efficiency can be improved by other technologies, for example, hardware and RF front-

ends, resource allocation, and adaptive network management and network planning. In [9], the authors

showed that the issue of energy efficiency in wireless communication networks can be addressed in two
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Chapter 1. Introduction

directions; the first is communication technology perspective where energy-efficient resource allocation

schemes are proposed for implementation at different layers; and the second is system design perspec-

tive which includes network infrastructure deployment, design of low-power processors among network

nodes, and power consumption policies. The combination of the two above approaches may result in dif-

ferent energy efficiency tradeoff for energy-efficient wireless networks. In this thesis, we however focus on

energy-efficient resource problems for wireless networks.

In designing energy-efficient wireless networks, the energy efficiency metric is of importance. Cur-

rently, there exist two main approaches to define the energy efficiency for a communication network: global

energy efficiency (GEE) and multi-objective energy efficiency. To review two kinds of the energy efficiency

metric, we consider a wireless network with L nodes, each with transmit power pl, signal-to-interference-

plus-noise-ratio (SINR) γl(P ), and throughputRl(P ) = log2(1+γl(P )), where P is the power allocation

vector. The global energy efficiency is defined as the ratio between the bits transmitted per unit power

consumption of a network, that is

GEE =

∑L
l=1Rl(P )∑L

l=1 ρlpl + Pc
,

where Pc is the total circuit power and ρl is the constant that accounts for the inefficiency of the power

amplifier of the link l. As definition, while the global energy efficiency is to maximize the network energy

efficiency, it does not allow to tune the energy efficiency of individual link and faces challenges of fairness

among individual links. That can be occurred in the case where the energy efficiency of a link is really

high while those of other links are low. This issue can be tackled by considering another energy efficiency

metric, that is, multi-objective energy efficiency. The second technique is to define the energy efficiency

metric by using the concept of multi-objective optimization problem. First, let us define individual energy

efficiency of a network link, that is

EEl =
Rl(P )

ρlpl + Pl,c
,

where Pl,c is the circuit power consumption of the link l. The multi-objective energy efficiency can be
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Chapter 1. Introduction

formulated, as follows:

EE = max
P

f (EE1, ...,EEL) .

In practice, there are many choices of the objective function f(·). In the related literature on energy effi-

ciency in wireless networks, the function f(·) can be: the weighted sum of the energy efficiencies (WSEE),

the weighted minimum of the energy efficiencies (WMEE), and the weighted product of the energy effi-

ciencies (WPEE). In details, the WSEE, WMEE, and WPEE are respectively defined as the three following

equations

WSEE =

L∑
l=1

ωlEEl =

L∑
l=1

ωl
Rl(P )

ρlpl + Pl,c
,

WMEE = min
l=1,...,L

ωlEEl = min
l=1,...,L

ωl
Rl(P )

ρlpl + Pl,c
,

WPEE =

L∏
l=1

(EEl)ωl =

L∏
l=1

(
Rl(P )

ρlpl + Pl,c

)ωl
.

where ωl is the priority of the link l. Three above EE metrics can address the problem of link fairness as

well as individual link energy efficiency, they does not maximize the network benefit, e.g., the network

(global) energy efficiency. Therefore, we must consider the network scenario when designing a commu-

nication system to select the appropriate energy efficiency metric. Over past few years, a huge number of

literature have been dedicated to the optimization problem of spectral efficiency and energy efficiency sepa-

rately. However, there is another direction that intends to maximize spectral efficiency and energy efficiency

simultaneously. Maximizing spectral efficiency/energy efficiency does not mean energy efficiency/spectral

efficiency is maximized. When energy efficiency is selected as the objective function and is maximized, it

often leads to a low performance of spectral efficiency, and vice versa. Therefore, there is a need to learn

and research into the problem of spectral- and energy-efficiency tradeoff.

As network resources are allocated to and shared by a number of users to optimize the design objective,

fairness is required for the network or all users. The consequence of an unfair resource allocation among
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different users causes resource starvation, wastage or redundant allocation [10]. The concept of fairness

can be considered from the system or user level (individual level). The system fairness is achieved when

resource allocation to all users are fair; however, it becomes unfair if one or more users are allocated

unfairly. In this thesis, we consider a well-known family of utility functions that has been discussed in [11]

Uα(ri) =


(1− α)−1r1−αi if α ≥ 0, α 6= 1,

ln(ri) α = 1.

(1.1)

Accordingly, the fairness degree can range from zero to infinity. There are 3 special cases: if α = 0, the

utility is the sum rate; if α = 1 (proportional fairness), the utility is the sum logarithmic utility of user rate;

if α = ∞ (max-min fairness), the utility is the minimum achievable user rate. In addition, as the fairness

degree increases, transmit power is allocated in a more fair manner. Considering the design objective,

an appropriate value of the fairness degree can be selected. For example, if we just care about the total

performance, e.g., sum rate of all users, we should set the fairness degree to zero, i.e., α = 0. In the case

of considering fairness among pairs in the network, the max-min fairness is a suitable option; however, the

performance, e.e., sum rate and energy efficiency, has to be sacrificed to reserve fairness.

1.2 Contributions

As aforementioned, spectral efficiency, energy efficiency, and fairness are three important criteria for the

design of next-generation networks. In this thesis, we put our focus on developing fair and energy-efficient

resource allocation in wireless networks. Firstly, in chapter 2, we consider HetNets with one macrocell

and multiple smallcells. Since the battery of mobile users is still limited while demand of energy con-

sumption for many energy-hungry services and applications is significantly increasing, the uplink instead

of the downlink in HetNets is considered. Moreover, in the uplink of HetNets, the macrocell should be

protected against cross-tier interference from femtocells and while QoS requirements for FUEs are guar-
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anteed. Therefore, we introduce two energy-efficient problems; the first is the weighted sum of the energy

efficiencies and the second is the weighted minimum of the energy efficiencies; and the interference power

constraint or interference temperature constrain is imposed at the BS to guarantee that the total cross-tier

interference from smallcell users is below a threshold. We conduct extensive simulation results and showed

that our proposed energy-efficient algorithms are superior to the existing frameworks. This work has been

under a minor revision of International Journal of Communication Systems since Jun. 2017.

Secondly, in chapter 3, we shift our focus to the problem of α-fairness in interference-limited wireless

networks with the objective of finding the optimal solution to the multiobjective problem of spectral effi-

ciency and energy efficiency. With five distinct cases of the fairness index, we show that the considered

optimization problem has different complexity. In particular, the problem is convex when 1 ≤ α ≤ ∞ and

NP-Hard when 0 ≤ α < 1. Based in these complexity analysis, we proposed two iterative algorithms for

the two cases of NP-Hardness. In addition, simulation results show that by adjusting the priority parameter

for spectral efficiency and energy efficiency while considering the fairness degree and the design objective,

the tradeoff between spectral efficiency and energy efficiency can be achieved. This work has been accepted

by IEEE Transactions on Vehicular Technology in Jun. 2017.

Due to a massive number of connected devices in 5G networks, conventional multiple access schemes,

for example TDMA, FDMA, CDMA, and OFMDA in 4G and before, become inappropriate. Hence, the

research on non-orthogonal multiple access has become a hot topic for last few years in wireless networks

communities. The key idea of NOMA is the use of superposition coding technique at the base station

side and the interference cancellation techniques at the receiver side. One of the most popular interference

cancellation technique is NOMA. It is usually assumed in the literature that the decoding order is in order of

channel gains; hence, users in NOMA systems may achieve different rates and fairness is not obtained. In

addition, fairness in NOMA can be improved and supported through an appropriate power allocation [12].

We therefore shift our focus in the last chapter (chapter 4) to the problem of α-fair power allocation in

NOMA systems. It is shown from simulation results that there is a tradeoff between the fairness and the

8
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number of users on a cluster in NOMA systems and our proposed power control scheme outperforms two

baseline methods. This work has been under review of IET Communications since Mar. 2017.

1.3 Thesis Outline

The rest of the thesis is organized as follows. In chapter 2, we study the power control problem for

energy efficiency in uplink HetNets. In chapter 3, we turn our attention to the multi-objective problem of

spectral efficiency and energy efficiency in interference-limited wireless networks while consider fairness.

In chapter 4, we study the problem of α-fairness in NOMA systems. In chapter 5, a conclusion of this thesis

is given and some limitations of the work are also pointed out with potential solutions, which may drive

research efforts in the future.
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Chapter 2

Energy-Efficient Power Control for

Uplink Spectrum-Sharing

Heterogeneous Networks

2.1 Introduction

Heterogeneous network (HetNet), defined as an integration of higher-tier macrocells and lower-tier

smallcells, e.g., picocells and femtocells, has been considered as a technological evolution for LTE 4G net-

works and beyond networks due to the potentials of significantly increasing performance, coverage, and

energy efficiency for indoor and outdoor hot-spots [13]. In such multi-tier HetNets, there are two scenar-

ios of spectrum allocation between the macrocell and smallcells: spectrum sharing and spectrum splitting.

Macrocells and smallcells use orthogonal resource in a spectrum splitting policy [14]; therefore, they are

free from macro-to-femto and femto-to-macro interference. In addition, a spectrum splitting policy re-

10



Chapter 2. Energy-Efficient Power Control for Uplink Spectrum-Sharing HetNets

quires the optimal splitting, which in turns depends on configuration of cells. In comparison to spectrum

splitting, spectrum-sharing is usually preferred due to scarce availability of spectrum, absence of coordina-

tion between tiers, and high requirement on end users [15]. However, the performance in spectrum-sharing

scenario can be significantly affected by cross-tier and co-tier interference [16]. Therefore, a great num-

ber of researches have been devoted to power control for interference management in spectrum-sharing

HetNets [14–18]. Recently, energy efficiency has been an important metric in wireless networks due to

sustainable growth concerns, ecological concerns, and economic concerns [7, 19].

The energy-efficient resource allocation in HetNets has prompted significant research efforts. Refer-

ence [20] considered a problem to minimize the network power consumption of a multicarrier small cell

network, subject to constraints on minimum rate requirements. Applying the KKT optimality conditions,

the authors proposed a distributed algorithm based on dynamic pricing, which is to capture effects of other

users. In [21], the global energy efficiency maximization problem was studied for optimizing transmit

beamforming and allocating transmit power under a heterogeneous traffic model including both non-real

time traffic and real time traffic. The work of [22] modeled the energy-efficient power control for HetNets

in non-cooperative and cooperative games, where the locations of BSs are followed a stationary Poisson

point process; this work is however not applicable if a minimum rate requirement is imposed [23]. In [24],

the energy-efficient beamforming and weighted sum rate maximization problems in coordinated hetero-

geneous multicell networks were addressed, where the objective function is defined as the weighted sum

per-cell energy efficiencies. The authors in [25] formulated an optimization problem to maximize the sum

energy-efficiency of the secondary-users in cognitive downlink two-tier networks while limiting the total

interference at each primary user. Then they solved the optimization problem [25] in two network scenarios:

orthogonal transmission scheme and spectrum-sharing scheme, and proposed iterative resource allocation

algorithms. One difference between [25] and our work is that the authors of [25] considered the instanta-

neous SINR and rate of users, not statistical values. Therefore, the proposed algorithms in [25] must update

required parameters whenever the channel meanders from one fading state to another state. This is however
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extremely difficult for practical wireless networks, especially for networks with very low channel coherence

time, and may create a significant amount of communication overhead [26]. While the aforementioned liter-

ature established comprehensive frameworks for understanding energy efficiency in HetNets, none of them

is focused on uplink scenarios. A power control algorithm for interference management in uplink HetNets

with QoS consideration was proposed by the authors in [18] in order to maximize the system capacity;

this work can obtain high system capacity, the resulted energy efficiency however can be degraded due to

excessive power consumption. In [15], Kang et al. proposed two pricing schemes using power control:

non-uniform pricing and uniform pricing, for the problem of interference management in spectrum-sharing

femtocell networks; however, the proposed algorithms do not guarantee the QoS requirements for users.

Ha et al. in [17] proposed a joint framework of base station association and hybrid power control scheme

for interference management, which is able to support users with various QoS requirements. This work

however does not take the MBS protection into consideration. An interference management scheme with

low complexity and singaling overhead was proposed in [14]; however, the QoS requirements are not taken

into consideration. It was definitely established in [27] that for the uplink scenario, the energy-efficient ob-

jective function should be defined via the multi-objective formulation, e.g., weighted sum per-user energy

efficiencies (WSEE) and weighted minimum per-user energy efficiencies (WMEE), instead of defining as

the ratio between the network sum rate and total consumed power, i.e., the GEE optimization problem.

In sum, interference management using power control is of importance for spectrum-sharing HetNets

and energy efficiency is the suitable metric for the uplink of HetNets. However, to the best of the authors’

knowledge, none of existing literature is dedicated to the power control problem for interference manage-

ment that maximizes the energy efficiency of users in the uplink of HetNets, protects the MBS, and supports

femtocell users (FUEs) with QoS consideration. Therefore, in this chapter, we seek two power allocation

schemes that maximize the energy efficiency of of uplink users in spectrum-sharing HetNets while protect-

ing the MBS from interference of FUEs and satisfying QoS requirements on FUEs. Toward this end, we

first present the system model and formulate the problem as a sum-of-ratios program where the objective
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is the WSEE, resource constraints on QoS requirements of femtocell user equipment (FUE) by considering

the concept of rate outage probability and on BS protection by limiting interference from FUE are taken

into consideration (Section 2.2). Different from conventional literature, where the objective function is de-

fined as the ratio of the network throughput and total power consumption and the problem can be efficiently

solved by the Dinkelbach’s procedure, we make use of an efficient global optimization algorithm to address

the original problem by first transforming into an equivalent problem and a parametric subtractive optimiza-

tion problem and showing their equivalent relationship (Section 2.3). The proposed algorithm is proved to

have global linear and local quadratic rate of convergence. Second, we formulate the problem of the max-

min energy efficiency under the same set of constraints in order to balance fairness among individual UEs in

term of energy efficiency, where the objective is defined as the WMEE. Exploiting the relationship between

the fractional programming and parametric programming and using the Lagrangian duality technique, we

investigate an iterative algorithm for the max-min energy-efficient problem (Section 2.4). Furthermore, as

by-products, we also discuss the GEE maximization problem and extend the considered problems into the

near-optimal (NOP) cases where the upper bound and lower bound between the certainly-equivalent margin

(CEM) and the outage probability is taken into consideration. Finally, in Section 2.6, we conduct numerical

simulations to show the convergence and advantages of the proposed algorithms over existing ones.

Notation: For the rest of the chapter, we use the italic characters to denote variables, the bold symbols

to represent vectors, and the notation ∗ to indicate optimal values. Notations Pr(·) and e(·)/exp(·) repre-

sent the probability function and exponential function, respectively. log(·) denotes the natural logarithm.

Mathematical notations ≥, ≤, and = for vectors are defined as element-wise operations.

2.2 Network Model and Problem Formulation

We consider the uplink of a two-tier HetNet with a higher-tier macrocell and N lower-tier femtocells.

Similar to frameworks of interference management in spectrum-sharing HetNets [15, 18, 25], we make two
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following assumptions: first, femtocells are assumed to utilize the same and single frequency band∗ as

the macrocell; second, there is exactly one scheduled user during each signaling time-slot in each femto-

cell. The problem formulation and methods under these assumptions can be straightforwardly extended to

spectrum-sharing HetNets with multiple and parallel frequency subchannels. Denote by N = {1, ..., N}

the set of FAPs. For a given time slot, an example of the considered network consisting of one central MBS

and three FAPs is described in Fig. 2.1.
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Figure 2.1: A HetNet consisting of one MBS and three FAPs.

The SINR of FUE n at FAP n can be written as

γn(P ) =
pngnnFnn

σ2
n +

∑
m∈N/{n}

pmgnmFnm
,

where Fnm and gnm are the fast-fading and slow-fading channel gain from FUE m in femtocell m to FAP

n, respectively, σ2
n is the background noise at FAP n, and interference from the MBS is treated as additive

∗A frequency band can be a frequency sub-channel in OFDMA.

14



Chapter 2. Energy-Efficient Power Control for Uplink Spectrum-Sharing HetNets

noises and integrated into σ2
n. Similar to [26], we consider the Rayleigh fading model, where the channel

gain component Fnm is assumed to be exponentially independent and identically distributed (i.i.d) with unit

mean and the corresponding average SINR is

γ̄n(P ) =
pngnn

σ2
n +

∑
m∈N/{n}

pmgnm
.

The data rate attained by FAP n can be written asCn(P ) = W log2(1+ζγ̄n(P )), whereW is the baseband

bandwidth and ζ is the SINR-gap that depends on particular modulation, coding scheme, and bit-error-rate.

Traditional resource allocation schemes that maximize the system throughput or minimize the total

power consumption only focus on the radiated transmit power pn; however, the consumed power attributed

by circuit components can significantly affect the network energy efficiency [28]. Here, the consumed

power Pn of transmitting Cn-bits is the sum of the transmission-consumed power pn and circuit power

consumption pn,c, e.g., Pn = %npn + pn,c, where %n is the power-inefficient factor of the amplifier. In

the case of using different values of %n for different FUEs, the update of optimal power allocation for the

WSEE algorithm in step 2 of Algorithm 1 and for the WMEE algorithm in (2.31) are a little bit different

from current updates. For example, in (2.31), the component ϕn(t)q% should be changed to ϕn(t)q%n.

Therefore, for simplicity and fair comparison with the existing framework [18], we assume that the value

%n is %, constant and the same for all FUEs. Then, we concentrate on the individual energy efficiency of

FUE n (b/J/Hz) which is defined as the ratio of the user throughput to the user power consumption

ηn(P ) =
Cn(P )

Pn
=
W log2(1 + ζγ̄n(P ))

%pn + pn,c
.

With the aim of maximizing the weighted energy efficiency subject to constraints on maximum tolerable

interference at the MBS and rate outage probability of UEs, the optimization problem can be mathematically
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formulated, as follows:

max
P

[∑
n∈N

ωnηn(P ) =
∑
n∈N

ωn
W log2(1 + ζγ̄n(P ))

%pn + pn,c

]

s.t. (C1):
∑
n∈N

png0n ≤ Imax, (2.1)

(C2): Pr
(
γn(P ) ≤ γthn

)
≤ εn, ∀n ∈ N,

(C3): P = {pn, n ∈ N|pmin
n ≤ pn ≤ pmax

n },

where the weight ωn, for n ∈ N, may potentially account for certain level of priority and/or fairness among

all the UEs, pmin
n and pmax

n are the minimum and maximum transmit power of UE n, respectively. Imax

is the maximum tolerable interference inducing at the MBS, i.e., the aggregate power of the interference

from all of the FUEs should not exceed Imax [15]. The constraint (C1) is first derived from cognitive radio

networks and is known as the interference power constraint or interference temperature constraint [15].

The interference power constraint (C1) has been applied in HetNets for interference management [15, 18].

The constraint (C2) is, the communication channel declares an outage, e.g., FAP n cannot correctly decode

the received signal whenever the SINR γn is not greater than the minimum SINR requirement γthn [26] and

εn is a preassigned threshold that indicates the maximal allowed outage probability of UE n. Finally, the

constraint (C3) ensures that the transmit power pn should be within the bounds of the minimum transmit

power pmin
n and the maximum transmit power pmax

n . In the problem (2.1), the optimization objective is

defined as the sum of the energy efficiency of all the UEs instead of the network energy efficiency, this

metric has been proved to be reasonable for uplink and heterogeneous network scenarios [27,29]. According

to [26, 30], the constraint (C2) can be equivalently expressed as
∏
m∈N/{n}

(
1 + γthn

pmgnm
pngnn

)
≤ Ωn(pn),

where Ωn(pn) = (1− εn)
−1

exp
(
− σ2

nγ
th
n

pngnn

)
. The recent problem formulation in [25] is partially close

to our optimization problem; however, as mentioned previously, the authors focused on the downlink of a

cognitive two-tier network. In addition, the application scope of [25] is restricted to slowly varying wireless
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channels due to the assumption of static-fading channels, where power allocation must be updated once

channel states change and it is required to retrack the instantaneous SINR and rerun the algorithm to seek

new optimal solution [26]. As a result, proposed algorithms in [25] can lead to an excessive amount of

message exchange in the network [26].

Remark 1. The problem in (2.1) is NP-hard in general and non-convex due to the sum-of-ratios form of the

objective function and the rate outage constraints, it is therefore very difficult to solve directly. We also note

that the Dinkelbach’s procedure used in [27, 31, 32] cannot be applied since it only solves a single-ratio

fractional program.

In Section 2.5, we also discuss extensive problems as compared methods which aim at maximizing

the objective of global energy efficiency and taking the lower and upper bounds between the certainly-

equivalent margin and the outage probability into consideration as outage constraints.

Let us introduce the Successive Convex Approximation for Low ComplExity (SCALE) method [33] as

α log(z) + β ≤ log(1 + z), which is tight at z = z̃ ≥ 0 when the approximation coefficients are as follows

α =
z̃

1 + z̃
, (2.2)

β = log(1 + z̃)− z̃

1 + z̃
log(z̃). (2.3)

We then make a logarithmic change of variable, i.e., ρ = logP and take the logarithm of both sides of the
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second constraint, the problem (2.1) can be relaxed to the following problem

max
ρ

∑
n∈N

ωn
W (αn log2(ζγ̄n(eρ)) + βn)

%eρn + pn,c
=
∑
n∈N

ωn
Čn(ρ)

Pn(ρn)

s.t.
∑
n∈N

eρng0n ≤ Imax, (2.4)

∑
m6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
≤ log Ωn(eρn), ∀n ∈ N,

Y = {ρn, n ∈ N| log pmin
n ≤ ρn ≤ log pmax

n },

where α = [α1, ..., αN ] and β = [β1, ..., βN ].

Proposition 1. The problem (2.4) is still not a convex problem due to the sum-of-ratios form of the objective

function. However, for given α and β, the feasible set is convex and the individual energy efficiency in the

objective function is quasiconcave in ρ.

Proof. We can refer to [26] for the convexity proof of the feasible set. Then, the remaining work is to

prove the objective function is quasiconcave in ρ. We have log2(ζγ̄n(eρ)) = log2(ζeρngnn)− log2(σ2
n +∑

m 6=n e
ρmgnm), which is concave due to the subtraction of linear and log-sum-exp terms [34], Čn(ρ) is

therefore a concave function. The denominator is a convex function due to the exponential and constant

terms. Let define η̌n(ρ) = Čn(ρ)/Pn(ρn) and its superlevel sets Sa = {ρn ∈ Y,∀n|η̌n(ρ) ≥ a}, ∀a ∈ R.

When a ≤ 0, η̌n(ρ) ≥ a for all ρ; hence, Sa is convex. For the case a > 0, the set Sa can can be equally

expressed as Sa = {ρn ∈ Y,∀n|Čn(ρ)−aPn(ρn) ≥ 0}. Let define fn(ρ) = Čn(ρ)−aPn(ρn). According

to [34], Sa is a convex set if for any ρ1, ρ2 ∈ Sa and any θ with 1 ≥ θ ≥ 0, we have

θρ1 + (1− θ)ρ2 ∈ Sa. (2.5)

The condition (2.5) is satisfied when fn(θρ1+(1−θ)ρ2) ≥ 0 Actually, Čn(ρ)−aPn(ρn) is a concave func-

tion due to the subtraction of a concave function and a linear function. By definition, fn(θρ1+(1−θ)ρ2) ≥
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θfn(ρ1) + (1− θ)fn(ρ2). Due to ρ1, ρ2 ∈ Sa, we have fn(ρ1) ≥ 0 and fn(ρ2) ≥ 0, the condition (2.5) is

satisfied, and Sa is a convex set. As a result, the individual energy efficiency is quasiconcave in ρ and the

Proposition 1 holds.

The objective function is the sum-of-ratio form and sum of quasiconcave functions, which is however

not guaranteed to be quasiconcave. Hence, it is difficult to obtain the globally optimal solution to the prob-

lem (2.4) by the conventional method, e.g., Dinkelbach’s procedure. To circumvent it, based on the applica-

tion of an efficient global optimization algorithm proposed in [35], we first transform the problem (2.4) into

a parametric convex programming problem and then find the optimal solution to the underlying problem.

2.3 Energy-Efficient Algorithm

By introducing new auxiliary variable κ = {κ1, ..., κN}, the problem in (2.4) is equivalent to

max
ρ,κ

∑
n∈N

κn

s.t. κn ≤ ωn
Čn(ρ)

Pn(ρn)
, ∀n ∈ N

∑
n∈N

eρng0n ≤ Imax, (2.6)

∑
m6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
≤ log Ωn(eρn), ∀n ∈ N,

Y = {ρn, n ∈ N| log pmin
n ≤ ρn ≤ log pmax

n }.

We have the following Lemma to describe the equivalence between the weighted sum maximization prob-

lem (2.6) and its corresponding parametric subtractive optimization problem.

Lemma 1. If (ρ∗,κ∗) is the optimal solution to the problem (2.6), then there exists λ∗ = [λ1, ..., λN ] such

that ρ∗ is the optimal solution to the following problem, i.e., satisfies its KKT optimality conditions, for
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λ = λ∗ and κ = κ∗

max
ρ

∑
n∈N

λn
(
ωnČn(ρ)− κnPn(ρn)

)
s.t.

∑
n∈N

eρng0n ≤ Imax, (2.7)

∑
m6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
≤ log Ωn(eρn) ∀n ∈ N,

Y = {ρn, n ∈ N| log pmin
n ≤ ρn ≤ log pmax

n }.

The optimal solution ρ∗ also satisfies the following system of equations for λ = λ∗ and κ = κ∗

λn =
1

Pn(ρn)
, ∀n ∈ N, (2.8)

κn = ωn
Čn(ρ)

Pn(ρn)
, ∀n ∈ N. (2.9)

Inversely, if ρ∗ is the optimal solution to (2.7) and satisfies the system (2.9) and (2.8) for λ = λ∗ and

κ = κ∗, (ρ∗,κ∗) is the optimal solution to the problem (2.6) with λ = λ∗ being the dual variable

associated with the first constraint.

Proof. In (2.6), the first constraint is equivalent to ωnČn(ρ) − κnPn(ρn) ≥ 0. Let us define the function

for the problem (2.6), as follows:

L(ρ,κ,λ,µ,ν) = ϑ
∑
n∈N

κn +
∑
n∈N

λn
(
ωnČn(ρ)− κnPn(ρn)

)
+ µ

(
Imax −

∑
n∈N

eρng0n

)
︸ ︷︷ ︸

f(ρ)

+
∑
n∈N

νn

log Ωn(eρn)−
∑
m 6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
︸ ︷︷ ︸

hn(ρ)

,

where λ, µ, and ν are the Lagrange multipliers associated with the first, second, and third constraints
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in (2.6), respectively. By Fritz-John optimality condition [36], there exist ϑ∗, λ∗, µ∗, and ν∗ = [ν∗1 , ..., ν
∗
N ]

such that

∂L

∂ρn
=
∑
n∈N

λ∗n
∂
(
ωnČn(ρ∗)− κ∗nPn(ρ∗n)

)
∂ρn

+ µ∗
∂f(ρ∗)

∂ρn
+
∑
n∈N

ν∗n
∂hn(ρ∗)

∂ρn
= 0, ∀n ∈ N, (2.10)

∂L

∂κn
= ϑ∗ − λ∗nPn(ρ∗n) = 0, ∀n ∈ N, (2.11)

λ∗n
∂L

∂λn
= λ∗n

(
ωnČn(ρ∗)− κ∗nPn(ρ∗n)

)
= 0, ∀n ∈ N,

µ∗
∂L

∂µ
= µ∗f(ρ∗) = 0, (2.12)

ν∗n
∂L

∂νn
= ν∗nhn(ρ∗) = 0, ∀n ∈ N, (2.13)

ωnČn(ρ∗)− κ∗nPn(ρ∗n) ≥ 0, λ∗n ≥ 0, ∀n ∈ N, (2.14)

f(ρ∗) ≥ 0, µ∗ ≥ 0, (2.15)

hn(ρ∗), ν∗n ≥ 0, ∀n ∈ N, (2.16)

ϑ∗ ≥ 0, (ϑ∗,λ∗, µ∗,ν∗) 6= (0,0, 0,0), (2.17)

where 0 is the zero vector. If we suppose ϑ∗ = 0, we have λ∗ = 0 according to (2.11) since Pn(ρn) > 0,

∀n for all feasible solutions ρ. Define I(ρ∗) = {n|hn(ρ∗) = 0, n ∈ N}; hence, it follows from (2.10),

(2.12), (2.13), (2.15), (2.16), and (2.17) that

µ∗∇f(ρ∗) +
∑

n∈I(ρ∗)

ν∗n∇hn(ρ∗) = 0, (2.18)

µ∗ +
∑

n∈I(ρ∗)

ν∗n > 0, µ∗ ≥ 0, ν∗n ≥ 0, n ∈ I(ρ∗). (2.19)

By Slater’s condition, there must exist a value ρ′ such that

f(ρ′) > 0, hn(ρ′) > 0, n ∈ N. (2.20)
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Due to (2.20) and the concavity of hn(ρ), n ∈ N and f(ρ), we have

∇f(ρ∗)T (ρ′ − ρ∗) ≥ f(ρ′)− f(ρ∗), (2.21)

∇hn(ρ∗)T (ρ′ − ρ∗) ≥ hn(ρ′)− hn(ρ∗) > 0, n ∈ I(ρ∗). (2.22)

If we assume ∇f(ρ∗) = 0, µ∗ > 0 and ∇f(ρ∗)(ρ′ − ρ∗) > 0, otherwise µ∗ = 0. Now, let d = ρ′ − ρ∗,

from (2.19), (2.21), and (2.22), we have

µ∗∇f(ρ∗)
∑

n∈I(ρ∗)

ν∗n∇hn(ρ∗)

T d > 0, (2.23)

since either∇f(ρ∗) or µ∗ must be zero. Clearly, (2.18) contradicts (2.23). Consequently, we have ϑ∗ > 0

Assign ϑ∗ = 1 or λ∗ = λ∗/ϑ∗, µ∗ = µ∗/ϑ∗, and ν∗ = ν∗/ϑ∗. Equations (2.11) and (2.14) are,

respectively, equivalent to λ∗n = 1/Pn(ρ∗n) and κ∗n = ωnČn(ρ∗)/Pn(ρ∗n), ∀n ∈ N. Moreover, for given

λ = λ∗ > 0 and κ = κ∗ ≥ 0, (2.10), (2.12), (2.13), (2.15), and (2.16) are just the KKT conditions for

the problem (2.7). Note that (2.7) is a convex problem; therefore, the KKT conditions are also the sufficient

optimality conditions and ρ∗ is the optimal solution for given λ = λ∗ > 0 and κ = κ∗ ≥ 0. This

completes the proof of the first statement. The second statement is proved similarly. The proof ends.

As proved in the Proposition 1, the function Čn(ρ) is concave and the function Pn(ρn) is convex in ρ.

Accordingly, for given λ and κ, the objective function of (2.7) is concave. In addition, the feasible set is

convex. Hence, the problem (2.7) is a convex optimization problem for given λ and κ and then the globally

optimal solution to (2.7) can be guaranteed. We exploit this idea to investigate the algorithm for seeking the

optimal solution to the parametric subtractive optimization problem, as described in Algorithm 1, where we
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Algorithm 1 Solutions to the parametric subtractive approximation problem (2.7) (WSEE Algorithm)

1: Set ε, t = 0, ξ ∈ (0, 1), χ ∈ (0, 1), choose arbitrary value ρ(t) which satisfies all the constraints, and
initialize λ(t) and κ(t) as

λ(t)n =
1

Pn(ρ
(t)
n )

, κ(t)n = ωn
Čn(ρ(t))

Pn(ρ
(t)
n )

, ∀n ∈ N.

2: Obtain the optimal value ρ(t+1) of the following problem

max
ρ∈Y

∑
n∈N

λ(t)n

(
ωnČn(ρ)− κ(t)n Pn(ρn)

)
s.t.

∑
n∈N

eρng0n ≤ Imax,

∑
m 6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
≤ log Ωn(eρn) ∀n ∈ N.

3: if
∣∣∣κ(t)n Pn

(
ρ
(t+1)
n

)
− ωnČn(ρ(t+1))

∣∣∣ ≤ ε and
∣∣∣λ(t)n Pn

(
ρ
(t+1)
n

)
− 1
∣∣∣ ≤ ε then

4: ρ(t+1) is a globally optimal solution to the problem (2.6) and then stop the Algorithm.
5: else
6: Find in the smallest non-negative integer satisfying

∑
n∈N

(∣∣∣∣ψλn (λ(t)n − ξiψλn (λ(t)n ) [∆n

(
ρ(t+1)
n

)]−1)∣∣∣∣2

+

∣∣∣∣ψκn (κ(t)n − ξiψκn (κ(t)n ) [∆n

(
ρ(t+1)
n

)]−1)∣∣∣∣2
)

≤
(
1− χξi

)2 ∑
n∈N

(∣∣∣ψλn (λ(t)n )∣∣∣2 +
∣∣∣ψκn (κ(t)n )∣∣∣2) .

7: Update λ(t+1) and κ(t+1), as follows:

λ(t+1)
n = λ(t)n − ξinψλn

(
λ(t)n

) [
∆n

(
ρ(t+1)
n

)]−1
, ∀n ∈ N,

κ(t+1)
n = κ(t)n − ξinψκn

(
κ(t)n

) [
∆n

(
ρ(t+1)
n

)]−1
, ∀n ∈ N.

8: Set t = t+ 1.
9: Go to step 2.

10: end if
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define

ψλn(λn) = −1 + λnPn(ρn), ∀n ∈ N,

ψκn(κn) = −ωnČn(ρ) + κnPn(ρn), ∀n ∈ N,

∆n(ρn) = Pn(ρn), ∀n ∈ N,

and update auxiliary variables λ and κ based on the Newton’s method.

The Algorithm 1 is composed of two main steps: the first one is to seek the optimal solution to the prob-

lem (2.7) for given λ and κ and choose the one satisfying the system (2.8) and (2.9) among optimal values,

the second step is to update λ and κ, and these two steps are repeated until convergence. The output of the

Algorithm 1 is just the optimal solution to the problem (2.4) for given α(τ) and β(τ), i.e., we are trying

to maximize the lower bound of the total achievable data rate. To obtain the final solution, we iteratively

update α(τ + 1) and β(τ + 1) according to (2.2) and (2.3), respectively, with z̃ = ζγ̄n

(
eρ

(τ)∗
)

, where

ρ(τ)∗ is the optimal solution of Algorithm 1. These new approximation values α(τ + 1) and β(τ + 1) will

be used as the input of Algorithm 1 in the next iteration (τ + 1) and these processes are repeated until the

maximum number of iteration τ reaches or the stopping criterion satisfies. With the logarithmic approxi-

mation, the objective function of (2.4) is improved for each iterative update of approximation coefficients

and the optimal solution to the approximation problem finally converges to the Karush-Kuhn-Tucker (KKT)

optimal point of the original problem (2.1) [33]. Together with the result in Theorem 1, the whole algorithm

(the SCALE procedure to update approximation coefficients α and β and Algorithm 1) finally converges to

an optimal solution to the optimization problem (2.1).

Theorem 1. The Algorithm 1 has global linear and local quadratic rate of convergence.

Proof. Refer to [35, Corollary 3.2 and Remark 3.1] for the detailed proof.
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2.4 Max-Min Energy Efficiency

In section 2.2 and section 2.3, the formulation and algorithm of the weighted sum energy-efficient

problem are respectively presented; however, this scenario only targets at the energy efficiency of the entire

network, which can be improved at the cost of individual energy efficiency and therefore leads to blatant

unfairness among individual UEs. Consequently, in this section we study the energy-efficient problem for

the max-min scheme under the same set of constraints so as to ensure fairness among individual UEs in

term of energy efficiency. The problem is formulated, as follows:

max
P

min
n∈N

[
ωnηn(P ) = q = ωn

W log2(1 + ζγ̄n(P ))

%pn + pn,c

]
s.t.

∑
n∈N

png0n ≤ Imax, (2.24)

Pr
(
γn(P ) ≤ γthn

)
≤ εn, ∀n ∈ N,

P = {pn, n ∈ N|pmin
n ≤ pn ≤ pmax

n },

Remark 2. Even with the concavation of the numerator of the objective function and of the feasible set,

(2.24) is still a non-convex problem due to the max-min nature and fractional form of the objective function.

Define q∗ as the maximum energy efficiency which is achieved with the optimal solutionP ∗, as follows:

q∗ = max
P∈F

min
n∈N

[ωnηn(P )] ,

where F is the feasible set of constraints (C1), (C2), and (C3). The following Theorem specifies conditions

to reach the optimal energy efficiency to (2.24).

Theorem 2. The optimal solution P ∗ achieves the optimal energy efficiency q∗ if and only if

max
P∈F

min
n∈N

[ωnCn(P )− q∗Pn(P )] = min
n∈N

[ωnCn(P ∗)− q∗Pn(P ∗)] = 0.
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In other words, if we know the value q∗ in advance, we can seek the optimal solution to the problem (2.24)

by equivalently tackling the following problem

max
P∈F

min
n∈N

[ωnCn(P )− q∗Pn(P )] . (2.25)

The detailed proof of Theorem 2 is shown in [37]. This proof gives a simple condition to choose the

optimal solution parameter q∗ for which the problem (2.24) and (2.25) are equivalent, i.e., they have the

same optimal solution. However, generally the optimal value q∗ is not specified in advance. Therefore, we

propose an algorithm, in which we achieve the solution of (2.25) for a given q and then update q iteratively.

Algorithm 2 Iterative algorithm of the max-min energy-efficient problem (2.24) (WMEE Algorithm)

1: Set ε and Tmax, and initialize t = 0, FLAG = 0, and q(t) = 0.

2: repeat
3: For a given q(t), solve the problem (2.25) to obtain P (t).

4: if
∣∣∣minn∈N

[
ωnCn(P (t))− q(t)Pn(P (t))

]∣∣∣ ≤ ε then

5: P ∗ = P (t) and q∗ = q(t).

6: FLAG = 1.

7: else
8: Set t = t+ 1.

9: Set q(t) = minn∈N
Cn(P (t−1))
Pn(P (t−1))

.

10: end if
11: until FLAG = 1.

On the basis of Theorem 2, we develop an algorithm to find the optimal solution to the problem (2.24).

The main step of the Algorithm 2 lies in line 3, which is targeted at solving the problem (2.25) for a given
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q(t). Specifically, for a given q, the problem (2.25) can be recast, as follows:

max
P

min
n∈N

[ωnCn(P )− qPn(P )]

s.t.
∑
n∈N

png0n ≤ Imax, (2.26)

Pr
(
γn(P ) ≤ γthn

)
≤ εn, ∀n ∈ N,

P = {pn, n ∈ N|pmin
n ≤ pn ≤ pmax

n }.

Using the SCALE method [33] and introducing new variable u, problem in (2.26) boils down to

max
ρ,u

u

s.t.
∑
n∈N

eρng0n ≤ Imax, (2.27)

∑
m 6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
≤ log Ωn(eρn), ∀n ∈ N,

Y = {ρn, n ∈ N| log pmin
n ≤ ρn ≤ log pmax

n },

u ≤ ωnČn(ρ)− qPn(ρ), ∀n ∈ N,

which is formulated for given α and β. Based on the Theorem 2, we have the following Propositions for

the problem (2.27).

Proposition 2. For given α and β, problem (2.27) is a jointly convex problem in ρ and u.

Proof. According to Proposition 1, the first, second, and third constraint are all convex. Obviously, the last

constraint is convex due to concavity of its right-hand side and linearity of its left-hand side. Consequently,

(2.27) is a jointly convex problem that maximizes a concave objective function over a convex set.

Proposition 3. For any feasible ρ, the auxiliary variable u ≥ 0 when the energy efficiency q ≤ q∗.
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Due to convexity of (2.27), in the following, we use the Lagrangian duality technique to solve (2.27).

Let µ, ν, and ϕ are respectively the Lagrange multipliers associated with the first, second, and fourth

constraint of (2.27), the Lagrangian function is defined as

L(ρ, u, µ,ν,ϕ) = u+ µ

(
Imax −

∑
n∈N

eρng0n

)

+
∑
n∈N

νn

log Ωn(eρn)−
∑
m6=n

log

(
1 + γthn

eρmgnm
eρngnn

)+
∑
n∈N

ϕn
(
ωnČn(ρ)− qPn(ρ)− u

)
.(2.28)

In (2.28), µ can be interpreted as the interference price while ν and ϕ can be viewed as the outage price

and energy price, respectively. Then, the Lagrange dual function is

g(µ,ν,ϕ) = max
ρ,u

L(ρ, u, µ,ν,ϕ), (2.29)

which can be specified as the maximum of the Lagrangian function (2.28). Accordingly, the Lagrange dual

problem is

min
µ≥0,ν≥0,ϕ≥0

g(µ,ν,ϕ). (2.30)

First, for given µ, ν, and ϕ, we can obtain the update value of transmit power by taking the first

derivative of L(ρ, u, µ,ν,ϕ) with respect to (w.r.t.) ρn, ∀n and setting the result to zero. After some

algebraic manipulation and transformation of the result back to the P -space, the power update formula is

given by the following

pn(t+ 1) =

 νn(t)
σ2
nγ

th
n

pn(t)gnn
+ ϕn(t)

log 2 ωnWαn

µ(t)g0n + ϕn(t)q%+
∑
m6=n

[
νm(t) Mm(t)gmn

1+Mm(t)gmnpn(t)
+ Λm(t)gmn

]

pmax
n

pmin
n

, (2.31)

where [x]ba = max{min{x, b}, a},Mm = γthm (pmgmm)−1, and Λm = ϕm
log 2ωnWαm(σ2

m+
∑
l 6=m plgml)

−1.

Observe in (2.31) that message passing among FAPs is required to update power, for example, to update
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pn, FAP n needs message passing of νm, Mm, and Λm from other FAPs m 6= n. In addition, FAP n has to

estimate channel gain from itself to other FAPs.

Next, the auxiliary variable u can be computed by solving the following problem

max
u

(
1−

∑
n∈N

ϕn

)
u

s.t.u ≤ ωnČn(ρ)− qPn(ρ), ∀n ∈ N.

Here, we use the idea from [38] to update u. In particular, if 1 <
∑
n∈N ϕn, u(t) = 0 due to u’s property

in Proposition 3; otherwise,

u(t) = min
n∈N
{ωnČn(ρ(t+ 1))− qPn(ρ(t+ 1))︸ ︷︷ ︸

gn(ρ)

},

where ρ(t + 1) = logP (t + 1) with P (t + 1) obtained from (2.31). To update u, we can assign this

calculation to one of any FAPs, then the assigned FAP sends new value of u to other FAPs.

Finally, we update the Lagrangian multipliers by the subgradient projection method as

µ(t+ 1) = [µ(t)− δµ(t)∆µ]
+
, (2.31)

νn(t+ 1) = [νn(t)− δν(t)∆νn]
+
, (2.32)

ϕn(t) = [ϕn(t)− δϕ(t)∆ϕn]
+
, (2.33)

where [z]+ = max{0, z}, t is the iteration index, and δµ(t), δν(t), and δϕ(t) are sufficiently positive small

step sizes∗, which are chosen to guarantee the convergence of aforementioned updates. Here, ∆µ, ∆µn,

∆ϕn is a subgradient of the Lagrange dual function g(µ,ν,ϕ), which can be specified by the Proposition 4.

The whole procedure to solve the problem (2.27) is summarized in Algorithm 3.
∗Typical step size criteria are constant and square summable but not summable, which refer to the step size δ(t) satisfying the

diminishing rule, i.e., δ(t) ≥ 0,
∑t=∞

t=1 δ(t)2 <∞, and
∑t=∞

t=1 δ(t) =∞
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Proposition 4. For the dual problem (2.30) with the primal problem established in (2.27), a subgradient of

g(µ,ν,ϕ) is

∆µ = Imax −
∑
n∈N

p∗ng0n

∆νn = log Ωn(p∗n)−
∑
m 6=n

log

(
1 + γthn

p∗mgnm
p∗ngnn

)

∆ϕn = ωnČn(P ∗)− qPn(P ∗)− u∗,

where P ∗ = exp(ρ∗), and u∗ and ρ∗ denote the optimal solution of (2.29) for given µ, ν, and ϕ.

Proof. The proof is similar to [38,39]. By definition, a subgradient of g(µ,ν,ϕ) is any vector t that satisfies

the following inequality, ∀(µ′,ν′,ϕ′)

g(µ′,ν′,ϕ′) ≥ g(µ,ν,ϕ) + tT


µ′ − µ

ν′ − ν

ϕ′ −ϕ

 .

We have

g(µ′,ν′,ϕ′) = max
ρ,u

L(ρ, u, µ′,ν′,ϕ′) = u∗ + µ′

(
Imax −

∑
n∈N

eρ
∗
ng0n

)

+
∑
n∈N

ν′n

log Ωn(eρ
∗
n)−

∑
m 6=n

log

(
1 + γthn

eρ
∗
mgnm

eρ
∗
ngnn

)+
∑
n∈N

ϕ′n
(
ωnČn(ρ∗)− qPn(ρ∗)− u∗

)

= g(µ,ν,ϕ) + tT


µ′ − µ

ν′ − ν

ϕ′ −ϕ

 .

Therefore, a subgradient of g(µ,ν,ϕ) is t = [∆µ {∆νn}n {∆ϕn}n]
T . This ends the proof.
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For given α and β, the fixed-point power update (2.31) always converges to the maximizer of La-

grangian (2.28) with Lagrange multipliers fixed [33, Lemma 3]. The updates of Lagrange multipliers µ,

νn, and ϕn via (2.31), (2.32), and (2.33), respectively, are also guaranteed to converge by appropriately

choosing step sizes δµ, δν , and δϕ [34]. As pointed out in the previous section, the logarithmic approx-

imation ensures the monotonic increase of the objective function. In addition, it has been shown in [37]

that the update sequence of energy efficiency q (line 9 in Algorithm 2) is convergent. Therefore, it can be

concluded that Algorithm 2 is guaranteed to eventually converge to the optimal solution to the optimization

problem (2.24).

2.5 Discussion and Extension

As by-products, this section derives algorithms to compute the optimal solution to the problems that

maximize the global energy efficiency and utilize simple rate outage constraints by considering the rela-

tionship between certainly-equivalent margin (CEM) and outage probability.

2.5.1 Global Energy Efficiency Maximization

Considering the objective function of the global energy efficiency, the optimization problem is specified

as

max
P

∑
n∈N

ωnW log2(1 + ζγ̄n(P ))∑
n∈N

(%pn + pn,c)

s.t.
∑
n∈N

png0n ≤ Imax, (2.34)

Pr
(
γn(P ) ≤ γthn

)
≤ εn, ∀n ∈ N,

P = {pn, n ∈ N|pmin
n ≤ pn ≤ pmax

n }.

31



Chapter 2. Energy-Efficient Power Control for Uplink Spectrum-Sharing HetNets

Algorithm 3 Optimal solution to the max-min energy-efficient problem (2.27)

1: Set ε and Tmax, and initialize t = 0, FLAG = 0, µ(t), ν(t), ϕ(t), α = 1, and β = 0

2: repeat {To update α and β}
3: repeat {To solve (2.27) for given α and β}
4: Allocate transmit power P according to (2.31).

5: Update the auxiliary variable u as

u(t) =


0 1 <

∑
n∈N

ϕn,

min
n∈N

gn(ρ) otherwise.

6: Update dual variables by (2.31), (2.32), and (2.33).

7: if 
|µ(t+ 1)− µ(t)| ≤ ε,

max
n∈N
|νn(t+ 1)− νn(t)| ≤ ε,

max
n∈N
|ϕn(t+ 1)− ϕn(t)| ≤ ε.

then
8: FLAG = 1.

9: else
10: Set t = t+ 1.

11: end if
12: until FLAG = 1.

13: FAP n updates αn and βn according to (2.2) and (2.3), respectively, with z̃n = ζγ̄n(eρ(t)).

14: until P converges.
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In comparison to the problem (2.1) whose objective is in a sum-of-ratios form and cannot be conveniently

transformed into the subtractive form by the conventional Dinkelbach’s procedure, by using the SCALE

method and logarithmic changes of variables and introducing a new energy-efficient variable q, the prob-

lem (2.34) can be transformed into the following form

max
ρ

∑
n∈N

ωnČn(ρ)− q
∑
n∈N

Pn(ρn)

s.t.
∑
n∈N

png0n ≤ Imax, (2.35)

∑
m 6=n

log

(
1 + γthn

eρmgnm
eρngnn

)
≤ log Ωn(eρn), ∀n ∈ N,

Y = {ρn, n ∈ N| log pmin
n ≤ ρn ≤ log pmax

n }.

For a given q, (2.35) is a convex optimization problem; its optimal solution is therefore can be obtained

efficiently by any convex solvers [34] (here we use the Lagrangian duality technique as in section 2.4). The

procedure to solve the problem (2.34) is summarized in Algorithm 4 with convergence.

Algorithm 4 Solution to the problem (2.34) (GEE Algorithm)

1: Set ε and Tmax, and initialize t = 0, FLAG = 0, and q(t) = 0.

2: repeat
3: For a given q(t), solve the problem (2.35) to obtain P (t).

4: if
∣∣∣∣ ∑
n∈N

ωnČn(P (t))− q(t)
∑
n∈N

Pn(P (t))

∣∣∣∣ ≤ ε then

5: P ∗ = P (t) and q∗ = q(t).

6: FLAG = 1.

7: else
8: Set t = t+ 1.

9: Set q(t) =
∑
n∈N

Čn

(
P (t−1)

)/ ∑
n∈N

Pn

(
P (t−1)

)
.

10: end if
11: until FLAG = 1.
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2.5.2 Near-Optimal Energy Efficiency

We define CEM as the ratio of the average SINR to the corresponding SINR threshold, i.e., CEM =

γn/γ
th
n . According to the relationship between the CEM and the outage probability [40], the upper bound

and lower bound between the CEM and the outage probability are given as

1

1 + CEM
≤ Pr(γn(P ) ≤ γthn ) ≤ 1− exp(−1/CEM). (2.36)

For simplicity, we consider the lower bound of (2.36), which with condition of the rate outage probability

(cf. the second constraint in (2.1)) results in

γn(P ) ≥ γthn
(

1

εn
− 1

)
. (2.37)

Taking the logarithm of both sides of (2.37) and substituting the result for the second constraint in (2.1)

and (2.24), respectively we have two corresponding problems. From this point, all derivations, algebraic

manipulations, and algorithms are carried out similarly.

2.6 Simulation Results

In this section, numerical results are presented to evaluate the performance of the proposed procedures

in comparison with existing power control schemes for interference management.

2.6.1 Simulation Settings

We consider a HetNet as illustrated in Fig. 2.1, where the MBS has the coverage area of 200 meters,

three femtocells are positioned inside the coverage area of the MBS. The distance between three FUEs and

the MBS are 50, 100, and 200 m, respectively. The outage probability thresholds and SINR thresholds are

respectively set to (0.20, 0.15, 0.10) and (30.0, 20.0, 10.0) dB. The fast-fading channel gain is assumed to
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Figure 2.2: Convergence of the WSEE Algorithm and WMEE Algorithm. Upper figures: WSEE Algorithm;
Lower figures: WMEE Algorithm.

be i.i.d with mean E[Fnm] = 1 while the slow-fading channel gain is gnm = g0(dnm/100)−AF, where dnm

is the distance between FUE m in femtocell m and FAP in femtocell n, AF = 4 is the path loss attenuation

factor, and g0 = 0.25 is the reference channel gain. The distance vector D = {dnm} between FUEs and

FAPs is

D =


10 50 150

50 15 50

150 50 10

 .

Although the distance vector D is fixed, this has been selected from a large number of network instances

to correctly reflect the performance of the proposed algorithms as well as the compared frameworks. In
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Figure 2.3: Convergence of the GEE algorithm.

literature, a number of research works have used the same method of simulation as ours, for example,

[41–43]. The thermal noise power at all FAPs is assumed to be 0.005 dB and the maximum tolerable

interference inducing at the MBS is Imax = 0.05 dB. Without loss of generality, weight ωn is assumed to

be 1. The baseband bandwidth W = 32 kHz and SINR-gap ζ = −1.5/ log(5BER) where BER = 10−3

for MQAM modulation [44]. The minimum and maximum power, i.e., pmin
n and pmax

n are set to 0 W and

1 W, respectively. The fixed circuit power is set to pn,c = 1 W and the drain efficiency of power amplifier

is 50%, that is, % = 1/0.50 = 2. Furthermore, the same step size δ = 10−3/iter with iter being the

iteration index is used for all proposed as well as compared algorithms, the error tolerance is ε = 10−6, and

the numerical simulation runs on MATLAB R2013a and a Window-based personal computer with a core

i7-3.40GHz and 8 GB RAM memory.

2.6.2 Performance of the Proposed Algorithms

In the first experiment, we examine the convergence of the WSEE algorithm and of the WMEE al-

gorithm. Note that both of these algorithms can be regarded as two-loop operations, more in details, the

inner-loop of the WSEE algorithm lies in the step 2 and the corresponding outer-loop is to update λ and
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κ of the Algorithm 1 while the outer loop and inner loop of the WMEE algorithm are actually the Algo-

rithm 2 and Algorithm 3, respectively. It is observed from Fig. 2.2a and Fig. 2.2b that the outer loops of

these algorithms can converge within only few iterations, 8 iterations under the error tolerance ε = 10−6

for the Algorithm 1 and 4 iterations for Algorithm 2, and similarly the inner loops∗ converge within ten

iterations. Similarly, as shown in Fig. 2.3, the GEE algorithm can converge to the optimal point within ten

of iterations. Therefore, the total number of iterations is 10 ∗ 8 = 80 iterations and the real simulation

time is really short, i.e., the computational complexity of our proposed algorithms is cost-effective. Due

to the small number of iterations, the proposed algorithms can well adapt to fast-fading wireless networks.

In addition, higher the rate outage probability means that the adaptability of the proposed algorithms also

increases since the probability that the algorithms need to update parameters is low.
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Figure 2.4: The optimal energy efficiency versus the baseband bandwidth W .

In Fig. 2.4, we plot the optimal energy efficiency of the proposed schemes as a function of the baseband
∗For the sake of simplicity in running simulation, we show the convergence of the inner loops corresponds to the last outer loops.

Arbitrary inner loops have the same convergence properties.
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bandwidth W . It is remarked that the optimal energy efficiency of the WSEE problem is defined as the sum

of the per-UE energy efficiencies and that of the WMEE problem is just equal to the minimum of the per-UE

energy efficiencies. We can see that the optimal energy efficiency increases apparently with the increment of

the baseband bandwidth W , since more bandwidth resource can open up more opportunities to improve the

energy efficiency [45]. We also observe that near-optimal schemes can achieve close performance compared

to the optimal ones, therefore it is practical to use the near-optimal algorithms instead of optimal procedures

in order to reduce the amount of message passing in the network.
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Figure 2.5: The optimal energy efficiency versus the rate outage probability. There are seven scenarios
Li = {ε1, 0.15, 0.10}, where ε1 = 0.10 + 0.05(i− 1).

Fig. 2.5 investigates the energy efficiency of the proposed schemes when we keep the second and third

FUEs’ rate outage probabilities fixed and changes the outage threshold of the first FUE. In this context,

it is observed that the optimal energy efficiency is almost the same when the outage probability threshold

varies. This result can be explained as the following. Actually, FUE 1 should increase its transmission
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power to compensate for the increasing link outage and then both the FUE’s capacity and total consumed

power increase. However, if the outage constraints of all the FUEs are stricter, i.e., the outage probability

is lower, the decrease in the capacity is much larger than that of the consumed power and then the energy

efficiency tends to be reduced as the outage constraints become stricter. Although the optimal EE does not

change much as the outage probability varies, schemes with more power consumption are not preferred and

therefore, the FUE’s outage should be kept under a small value as much as possible.
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Figure 2.6: The optimal energy efficiency versus the fixed circuit power consumption pnc.

Fig. 2.6 illustrates the optimal energy efficiency of the considered algorithms compared with the weighted

sum rate maximization (WSR)-based algorithms, i.e., Optimal Distributed Power Control (ODPC) al-

gorithm and NOP-ODPC algorithm [18] when the fixed circuit power consumption is different. Since

the weighted-sum approach maximizes the weighted-sum rate of all users, its energy efficiency with the

WSEE approach (ODPC-WSEE and NOP-ODPC-WSEE) and with the WMEE approach (ODPC-WMEE

and NOP-ODPC-WMEE) can be computed by definition as in the problem (2.1) and (2.24), respectively.
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From the figure, the optimal energy efficiency of WSEE algorithms, i.e., WSEE and NOP-WSEE, WMEE

algorithms, i.e., WMEE and NOP-WMEE, and compared frameworks, i.e., ODPC and NOP-ODPC reduces

as the fixed power consumption increases and the proposed algorithms yield higher energy efficiency than

the compared frameworks. In addition, the performance gap in energy efficiency between the proposed

algorithms and the compared ones gets smaller when the fixed circuit power consumption increases. This

is suitable since the fixed power is increasingly dominant over the transmit power in determining the en-

ergy efficiency and the energy efficiency optimization problem becomes the WSR maximization problem.

Again, the near-optimal schemes converge close to the optimal values of the energy efficiency.

Fig. 2.7 compares the energy efficiency of the proposed algorithms with the ODPC and NOP-ODPC

algorithm and with the GEE algorithm. Due to different objectives of different frameworks, we compare

here the same objective for all framework alternatives, for example, the global energy efficiency, the best

(maximum) and worst (minimum) individual energy efficiency, and the weighted sum of the energy effi-

ciencies. Fig. 2.7 depicts that the proposed algorithms outperform the corresponding compared ones for all

considered cases. This is since in [18], the aggregate data rate is maximized regardless of the EE, which

maybe results in high and not optimal transmission power at each FUE, meaning that the high EE obtained

by the proposed algorithms is sacrificed by the total transmission rate. Note that the performance of the GEE

problem is actually the performance of the ODPC problem. Moreover in the ODPC problem, the optimal

EE gap between ODPC and NOP-ODPC is significant, which is opposed to the proposed procedures.

In Fig. 2.8, we compare the EE performance of the WSEE algorithm, the WMEE algorithm, the GEE

algorithm, and the ODPC algorithm, by varying the number of FUEs. It is generally observed that the

WSEE, WMEE, and GEE algorithms outperform the ODPC algorithm and the performance difference

among these algorithms become smaller when the number of FUEs increases. Although the performance

gap gets smaller, from Fig. 2.9, the compared ODPC approach consumes more power than the proposed

methods. The reason is that the objective of the ODPC approach is to maximize the weighted-sum rate

of all users, to increase the energy efficiency, the throughput performance (spectral efficiency) needs to be
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Figure 2.7: Comparison of different EE aspects among framework alternatives.

reduced and the total power consumption is higher. Fig. 2.8a illustrates that the GEE algorithm can achieve

the best GEE in comparison with the other algorithms since its optimization objective is to maximize the
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Figure 2.8: Comparison of different EE aspects among framework alternatives when the number of FUEs
varies. The baseband bandwidth W = 32 kHz and the fixed circuit power is pn,c = 1 W.

global energy efficiency. Fig. 2.8b shows that the WSEE algorithm can obtain the better weighted sum of

the energy efficiencies than that of the WMEE algorithm due to its optimization objective. In addition, as

shown in Fig. 2.8c, the best energy efficiency obtained by the WSEE algorithm and the GEE algorithm

is higher than that of the WMEE algorithm. However, the WMEE algorithm is targeted at maximizing

the worst energy efficiency, therefore it can ensure and improve the fairness among FUEs compared to

the others; Fig. 2.8d verifies that the WMEE yields the highest-worst energy efficiency. Actually, each of

the proposed algorithms has a specific optimization objective and which algorithm is used depends on the

practical systems.
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Figure 2.9: Comparison of total power consumption among approaches when the number of FUEs varies.
The baseband bandwidth W = 32 kHz and the fixed circuit power is pn,c = 1 W.

2.7 Conclusion

In this chapter, we developed two energy-efficient power control schemes for interference manage-

ment in uplink spectrum-sharing HetNets. In particular, the optimization objectives are to maximize either

the weighted sum of the energy efficiencies (WSEE) or the weighted minimum of the energy efficiencies

(WMEE) while the interference from FUEs to the MBS is controlled and QoS on rate outage of each FUE

is guaranteed. To circumvent the sum-of-ratios problem, we make use of an efficient global optimization

algorithm. Meanwhile, the WMEE problem can be solved by exploiting the relationship between the frac-

tional programming and parametric programming and using the Lagrangian duality technique. We also

discussed the global energy efficiency (GEE) maximization problem and near-optimal schemes. Through

extensive numerical experiments, we solidified the validity of the proposed algorithms.
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Chapter 3

Fairness-Aware Spectral and Energy

Efficiency in Spectrum-Sharing

Wireless Networks

This chapter presents the problem of α-fair resource allocation problem for the tradeoff of spectral

efficiency and energy efficiency in spectrum-sharing wireless networks.

3.1 Introduction

Energy-fficient wireless communications, often called as green networks, have recently drawn much

attention from research communities, both academia and industry, due to the dramatic increase in network

infrastructure and traffic demand [27, 38, 45, 46]. In spectrum-sharing wireless networks, i.e., interference-

limited wireless networks, a key example of resource allocation for interference management and network

performance improvement, for example, sum rate maximization and energy efficiency (EE) [42,43,47,48],
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is power control. Although energy efficiency is a major metric for environment-friendly wireless networks,

it does always conflict with spectral efficiency. Therefore, the tradeoff issue between spectral efficiency

(SE) and energy efficiency should be studied. On the other hand, fairness is an important issue in wireless

networks, which is usually related to resource allocation problems [10]. Moreover, it has been recognized

that one should optimize SE and EE simultaneously while considering fairness among wireless links [49,

50].

The energy-efficient resource allocation in wireless networks has prompted significant research atten-

tion [27,38,42,43,45,50–53]. Optimization of energy-efficient resource allocation, where energy efficiency

can be defined as the global energy efficiency, the weighted sum of the energy efficiencies, the weighted

minimum of the energy efficiencies, and the exponentially-weighted product of the energy efficiencies, in

wireless networks, has been widely studied, e.g., single-cell networks [38, 45], uplink heterogeneous cellu-

lar networks in chapter 2, and coordinated multicell networks [27]. Some energy-efficient frameworks have

been studied for 5G cellular networks, e.g., a scheme for energy efficiency with statistical QoS constraints

in MIMO-OFDM networks [54], a joint baseband and RF precoding scheme for energy efficiency in 5G

RF chain systems [55], and a model of random cellular networks for spectrum and energy efficiency [56].

A distributed algorithm for maximizing the weighted sum of the energy efficiencies in wireless ad hoc net-

works was investigated in [51]. The SE-EE tradeoff problem has been studied in [42, 43, 50, 52, 53, 57, 58].

In [42], the authors investigated the tradeoff between SE and EE in interference-limited wireless networks,

where the objective is to maximize the global energy efficiency subject to minimum rate requirements.

Similar to [42], the SE-EE tradeoff problem, where the objective function is the minimum of the energy

efficiencies, was studied in [43]. Li and Jiang [52] introduced an energy-rate tradeoff index (EI) that cap-

tures the relative importance of transmit power and transmit rate, and considered an optimization problem

to maximize the EI subject to power constraints in spectrum-sharing wireless networks. The authors in [53]

proposed a new system metric called resource efficiency to control the tradeoff between EE and SE by

balancing consumed power and occupied bandwidth. An SE-EE tradeoff analysis in the uplink of multiuser
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OFDMA heterogeneous networks was studied in [50]. A unified resource metric for the SE-EE tradeoff

has been proposed in a point-to-point link [57] and OFDMA multicell wireless networks [58]. However,

the aforementioned literature on optimization of EE or SE-EE tradeoff do not discuss fairness issues among

users, implicitly restrict fairness in the objective function, and is not able to study the impact of α-fairness

on resource allocation.

Some recent works have been devoted to fair and energy-efficient resource allocation problems in wire-

less networks [47–49]. The authors in [49] considered the problem of joint power allocation and scheduling

and investigated the SE-EE tradeoff in the downlink of OFDMA networks, where α-fair utility function

is used to study the problem of rate fairness among users. The tradeoff between link fairness and system

sum-rate in spectrum-sharing networks was studied in [48], where the authors showed that different values

of α-fairness index can result in either convexity or NP-hardness of the original problem. It is however

only focused on SE maximization and does not examine the impact of EE as well as SE-EE tradeoff. The

proportional fair EE, max-min fair EE, and harmonic fair EE were discussed in [47], where the original

problem can be cast to convex ones by introducing auxiliary variables, changing variables and transforming

the objective and constraint functions. The globally optimal solution is then obtained by the interior-point

method. However, the application scope of such works [47–49] is restricted to slowly varying wireless chan-

nels due to the assumption of static-fading channels, where power allocation must be updated once channel

states change and it is required to retrack the instantaneous SINR and compelled to rerun the algorithm

to seek new optimal solution [26]. As a result, proposed algorithms in [47–49] can lead to an excessive

amount of message exchange in the network and waste processing energy due to a frequent update of power

allocation [59].

In order to best utilize network resources and meet design criteria in spectrum-sharing wireless net-

works, fundamental problems need to be addressed (1) balance between SE and EE simultaneously (2)

guarantee a reasonable level of fairness among users, and (3) adapt to fast-fading channels of wireless

networks. None of the existing research is able to address the above problems jointly. In light of the afore-
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mentioned observations, in this chapter, we consider the SE-EE tradeoff problem in interference-limited

wireless networks, where rate fairness and fading-induced outage probability are considered as resource

constraints. In a nutshell, the summary of features and contributions offered by this chapter can be listed,

as follows:

• In Section 3.2, we consider an interference-limited wireless network, present the system model, and

then formulate the optimization problem. The problem is to allocate transmit power so as to jointly

maximize EE and SE when jointly considering fairness. Consider the tradeoff between energy effi-

ciency and spectral efficiency, the multiobjective problem (MOP) of the spectral efficiency and energy

efficiency is transformed into a problem that minimizes the total power consumption and maximizes

the achievable utility, subject to power constraints and rate outage probability constraints.

• For each case of the α-fairness index, we analyze the complexity of and specify the method to solve

the considered optimization problem. In particular, the problem is NP-hard when 0 < α < 1 and

α = 0 and is convex for other values of the fairness index α (Section 3.3).

• For α = 0, we exploit the SCALE method to transform and approximate the original problem into

a sequence of convex ones. To tackle the problem with 0 < α < 1, we exploit the Difference

in Convex (D.C.) structure of the objective function and simplify the outage constraint in order to

convexify the optimization problem. Iterative resource allocation algorithms are proposed with a

guarantee to converge to a locally optimal solution to the underlying problem (Section 3.4).

• Finally, extensive simulation results are provided in Section 3.5 to verify the effectiveness of the pro-

posed algorithm as well as showing the performance comparison in in term of the SE-EE tradeoff

with those reported in the references. It is shown that the SE-EE tradeoff can be achieved by consid-

ering the network scenarios such as the outage probability threshold and data rate requirement and

adjusting the fairness index and priority parameter.
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3.2 Problem Formulation

We consider a spectrum-sharing wireless network with I distinct node pairs. Each pair∗ is composed

of one dedicated transmitter and one dedicated receiver. The considered network can be an ad-hoc network

or cellular network, where all the pairs simultaneously operate on the same frequency band. Different from

literature considering imperfect channel state information (CSI), for example, channel estimation in [60],

effective interference channel in [61], and the bounded and probabilistic CSI error models in [62], we

assume that perfect CSI is available at the transmitter and receiver. In addition, global CSI is required

to be available at the central controller to implement the proposed centralized algorithms. Research of

the considered problem under imperfect CSI is left for future work. Let I denote the set of node pairs

and i denote the pair index. The instantaneous capacity of user i is modeled by the Shannon capacity

ri(p) = W log2 (1 + ζγi(p)), where W is the baseband bandwidth, ζ is the SINR-gap that depends on

particular modulation coding scheme, and bit-error-rate [44], and p = [p1, ..., pI ]
T is the transmit power

vector. For simplicity, we assume that W = 1 and ζ = 1. When node i obtains the data rate ri(p), it

will receive the utility Uα (ri(p)), where α is the fairness index and Uα(·) is the utility function (1.1). The

instantaneous signal-to-interference-plus-noise ratio (SINR) is γi(p) = pigiifii/
(
σ2
i +

∑
j 6=i pjgijfij

)
,

where pi is the transmit power of node i, gijfij is the channel gain from the transmitter j to the receiver i,

and σ2
i is the thermal noise power at the receiver on pair i. We consider the non-line-of-sight propagation

and use the average SINR γ̄i(p) instead of γi(p). Then, γ̄i(p) = pigii/
(
σ2
i +

∑
j 6=i pjgij

)
,where fast-

fading channel gains fij are assumed to be i.i.d. and E[fij ] = 1,∀i, k.

The power consumption Pi,T of each user i is attributed by the transmission-consumed power pi and the

circuit power consumption pi,ct at the transmitter and pi,cr at the receiver. Here, Pi,T = %ipi+pi,ct+pi,cr,

where %i is the power-inefficient factor of the amplifier. For simplicity, we assume that all pairs have the

same value %, pct, and pcr. Hence, the total power consumption is PT =
∑I
i=1 Pi,T = %

∑I
i=1 pi +

I (pct + pcr).

∗We will use “pair” and “user” interchangeably throughout this chapter.
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With the goal of finding the SE-EE tradeoff, the objective function should jointly maximize the SE and

EE. Denote by ηSE(p) and ηEE(p) the spectral efficiency and energy efficiency, respectively. Then, the

multiobjective optimization problem of SE and EE is given by {minp η
−1
SE(p),minp η

−1
EE(p)}. Actually,

there exist many approaches for a multiobjective problem, for example, weighted sum method, lexico-

graphic method, weighted max-min method, and weighted product method; however, the objective sum

method is one of the most computationally efficient, easy-to-use, and common approaches [63]. There-

fore, we exploit the weighted sum method to deal with the multiobjective problem of the SE and EE.

According to [64], the multiobjective problem of SE and EE can be obtained by solving a simple multiob-

jective problem that minimizes the total power consumption and maximizes the achievable rate utility, i.e.,

minp ψEEPT − ψSE
∑
i∈I Ui(ri) or maxp{−PT ,

∑
i∈I Ui(ri)}, where ψ = [ψSE ψEE ] is the priority

parameter. The optimization problem now can be mathematically formulated as

max
p

ψSE
∑
i∈I

Uα(ri)− ψEEPT ,

s.t. Γ =
{
pi|pmin

i ≤ pi ≤ pmax
i

}
∀i ∈ I, (3.1)

Pr
(
γi ≤ γthi

)
≤ εi ∀i ∈ I,

where γthi is the target minimum SINR below which performance becomes unacceptable, and εi ∈ (0, 1)

is the outage probability threshold of node i. Actually, once channel states change, it is required to re-track

the instant SINR and compelled to rerun the algorithm to seek the optimal solution [26]. For fast-fading

networks where the channel might change very fast, it is not efficient and impractical. With the outage prob-

ability, the optimal solution to the problem does not need to change when the channel state wanders from

one fading state to another one for a fraction of time. According to [26], the second constraint in (3.1) can be

equivalently expressed as
∏
j∈I/{i}

(
1 + γthi

pjgij
pigii

)
≤ Ωi(p), where Ωi(p) = (1− εi)−1 exp

(
−σ

2
i γ
th
i

pigii

)
.
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3.3 Complexity Analysis

In what follows, we consider five cases of the fairness index α, where for each case we specify the

method to solve the optimization problem and investigate the corresponding algorithm.

3.3.1 α = 0

When α = 0, the utility is the weighted-sum rate (WSR) and the optimization problem becomes

max
p

ψSE
∑
i∈I

log2

1 +
pigii

σ2
i +

∑
j 6=i

pjgij

− ψEEPT
s.t. Γ =

{
pi|pmin

i ≤ pi ≤ pmax
i

}
∀i ∈ I, (3.2)

Pr
(
γi ≤ γthi

)
≤ εi ∀i ∈ I.

Based on the proof of the Theorem 5 and of the Theorem 1 in [65], we can prove that the problem (3.2)

is NP-hard, the problem is, therefore, difficult to solve. In Subsection 3.4.1, we will apply the SCALE

method [33] to approximate the problem (3.1) into a sequence of convex programs and to propose an

iterative two-loop algorithm.

3.3.2 Proportional fairness, α = 1

The optimization problem now becomes

max
p

ψSE
∑
i∈I

log

log2

1 +
pigii

σ2
i +

∑
j 6=i

pjgij


− ψEEPT ,

s.t. Γ =
{
pi|pmin

i ≤ pi ≤ pmax
i , ∀i ∈ I

}
, (3.3)

Pr
(
γi ≤ γthi

)
≤ εi ∀i ∈ I.
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Theorem 3. The problem (3.3) is a convex optimization problem.

Proof. Let us introduce auxiliary variables ti satisfying constraints exp(ti) ≤ log2 (1 + γi(p)) and auxil-

iary variables ρi = log(pi). The above inequality is equivalent to

log

σ2
i

gii
e−ρi +

∑
j 6=i

gij
gii
eρj−ρi

+ log
(

2exp(ti) − 1
)
≤ 0.

Let t = [t1, ..., tI ]
T , the problem (3.3) can be rewritten, as follows:

max
p,t

ψSE
∑
i∈I

ti − ψEEPT (eρ),

s.t. L =
{
ρi| log

(
pmin
i

)
≤ ρi ≤ log (pmax

i ) ,∀i ∈ I
}
, (3.4)∑

j 6=i

log

(
1 + γthi e

ρj−ρi gij
gii

)
≤ log (Ωi(e

ρ)) , ∀i ∈ I,

log

σ2
i

gii
e−ρi +

∑
j 6=i

gij
gii
eρj−ρi

+ log
(

2exp(ti) − 1
)
≤ 0.

Since the total power consumption PT (eρ) is the summation of a sum-exp function and a constant, it is

convex. As a result, the objective function is jointly concave in t and ρ due to the subtraction of a linear term

and a convex term. The second and third constraints are concave according to [26] and [65], respectively.

Therefore, it is concluded that the problem (3.4) is a convex optimization problem. The proof ends.
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3.3.3 Max-min fairness, α =∞

The objective now is H(p) = −ψEEPT + ψSE min
i∈I

ri and the problem (3.1) becomes

max
p
−ψEEPT + ψSE min

i∈I
log2

1 +
pigii

σ2
i +

∑
j 6=i

pjgij


s.t. Γ =

{
pi|pmin

i ≤ pi ≤ pmax
i

}
∀i ∈ I, (3.5)

Pr
(
γi ≤ γthi

)
≤ εi ∀i ∈ I.

Introducing a new variable u and auxiliary variables ρi = log(pi), the problem (3.5) can be rewritten, as

follows:

max
p,u
−ψEEPT (eρ) + ψSEu

s.t. L =
{
ρi| log

(
pmin
i

)
≤ ρi ≤ log (pmax

i ) ,∀i ∈ I
}
, (3.6)∑

j 6=i

log

(
1 + γthi e

ρj−ρi gij
gii

)
≤ log (Ωi(e

ρ)) , ∀i ∈ I,

u ≤ log2

1 +
eρigii

σ2
i +

∑
j 6=i

eρjgij

 ∀i ∈ I.

The objective function of the above problem is concave due to the subtraction of a linear term and a convex

term, the first and second constraints are convex according to the proof of Theorem 3. The third constraint

can be equivalently expressed as

log

σ2
i

gii
e−ρi +

∑
j 6=i

gij
gii
eρj−ρi

+ log (2u − 1) ≤ 0,

which can be easily verified to be neither convex nor concave. In order to convexify as well as easily solving

the problem (3.6), we apply an iterative approach, where we deal with the problem of power allocation p
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and auxiliary variable u separately and the subproblem becomes convex in power allocation and linear in

auxiliary variable u. At first, we need to find a feasible solution (u(0),p(0)). At the iteration t, we find

the optimal solution u(t) for a given p(t− 1) from the previous iteration t, then, we find the optimal power

allocation p(t) for the fixed u(t) (i.e., Gauss-Seidel fashion). The above process is iteratively repeated until

there is no improvement in the optimal solution.

3.3.4 Fairness with 1 < α <∞

For the α-fair utility function, the network utility is

U(p) =
∑
i∈I

(1− α)−1 (log2 (1 + γi(p)))
1−α

.

The problem (3.1) becomes

max
p

ψSE
∑
i∈I

1

1− α
(log2 (1 + γi(p)))

1−α − ψEEPT

s.t. Γ =
{
pi|pmin

i ≤ pi ≤ pmax
i

}
∀i ∈ I, (3.7)

Pr
(
γi ≤ γthi

)
≤ εi ∀i ∈ I.

Theorem 4. The problem (3.7) is a convex problem.
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Proof. Introducing auxiliary variables t and ρ, we can reformulate the problem (3.7) as

max
p,t

ψSE
∑
i∈I

1

1− α
(exp(ti))

1−α − ψEEPT (eρ),

s.t. L =
{
ρi| log

(
pmin
i

)
≤ ρi ≤ (pmax

i ) ,∀i ∈ I
}
, (3.8)∑

j 6=i

log

(
1 + γthi e

ρj−ρi gij
gii

)
≤ log (Ωi(e

ρ)) , ∀i ∈ I,

log

σ2
i

gii
e−ρi +

∑
j 6=i

gij
gii
eρj−ρi

+ log
(

2exp(ti) − 1
)
≤ 0.

Since 1 < α < ∞, the second-order derivative of the objective function H(t,ρ) w.r.t. ti is negative,

which means that the first term in the objective function is concave [66]. Hence, the objective function is

jointly concave in t and ρ. In addition, according to the proof of Theorem 3, the feasible set is convex.

Consequently, the problem (3.8) is a convex optimization problem. The proof ends.

Remark 3. A special fairness index is α = 2. In that case, the network utility is actually the harmonic-rate

utility function and the optimization problem is convex. Similarly in [65], the authors also proved that the

problem of maximizing the harmonic-rate utility function under power constraints in single frequency band

systems is convex.

3.3.5 Fairness with 0 < α < 1

The problem is actually the problem (3.7) with 0 < α < 1.

Theorem 5. The problem (3.7) with 0 < α < 1 is NP-hard.

Proof. For simplicity of proof, we consider γthi = 0, pmin
i = 0, pmax

i = 1, ∀i ∈ I and omit some constants
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in the objective function, the optimization problem (3.7) can be reformulated, as follows:

max
p

ψSE
∑
i∈I

1

1− α
(log2 (1 + γi(p)))

1−α − ψEE%
∑
i∈I

pi,

s.t. Γ = {pi|0 ≤ pi ≤ 1, ∀i ∈ I} . (3.9)

Define Ai = σ2
i /gii and βij = gij/gii. For each vertex vi ∈ V, let βij = ∞ if vi is adjacent to vj and

βij = 0 otherwise.

In what follows, we show a polynomial transformation of the maximum independent set problem on a

graph to the problem (3.9). Consider a connected undirected graph G = (V,E); here |V| = I . It is known

that an independent set of the graph G is a subset of V, i.e., a set of vertices of V, such that there is no

connecting edge between any two vertices. Assume that there are possibly S = |S| feasible simplices of V.

For a feasible simplex Sk, let 0 ≤ pi ≤ 1 if vi ∈ Sk and pi = 0 otherwise.

Now, we consider the feasible simplex Sk and suppose that p∗i and H∗k are respectively the optimal

solution and the optimal value to the problem in the simplex Sk, which can be achieved by solving the

following problem

max
p

∑
i∈I

 ψSE
1− α

log2

1 +
pi

Ai +
∑
j 6=i

βijpj




1−α

− ψEE%pi

 ,
s.t. 0 ≤ pi ≤ 1 ∀vi ∈ Sk,

pi = 0 ∀vi /∈ Sk.
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Since βij =∞ if two vertices are adjacent and pi = 0 for all vi /∈ Sk, the above problem is cast as

max
p

∑
i∈F(Sk)

[
ψSE

1

1− α

(
log2

(
1 +

pi
Ai

))1−α

− ψEE%pi

]
,

s.t. 0 ≤ pi ≤ 1 ∀vi ∈ Sk, (3.10)

where F(Sk) is the subset of Sk such that no two nodes in Sk are connected. AssumingAi = A for all nodes

and solving the problem (3.10), we obtain a unique optimal solution∗ p∗i = f (ψSE , ψEE , α,A), which is

further identical for all feasible simplices. Similarly, we have

H∗k = |F(Sk)|

[
ψSE

1

1− α

(
log2

(
1 +

p∗i
A

))1−α

− ψEE%p∗i

]
.

The maximum simplex contained in S is obtained by

max
k∈S

H∗k = max
k∈S

|F(Sk)|

[
ψSE

1

1− α

(
log2

(
1 +

p∗i
A

))1−α

− ψEE%p∗i

]
,

which is equivalent to the following one

max
k∈S

|F(Sk)|. (3.11)

Obviously, maximizing the objective function in (3.7) is equivalent to maximizing the maximum sim-

plex (3.11), which is further equal to the problem of finding the maximum independent set in the graph

G = (V,E). In addition, the maximum independent set problem is known to be NP-hard, implying that

maximizing the optimization problem (3.7) with 0 < α < 1 is NP-hard. The proof ends.
∗Suppose that the problem (3.10) is always feasible.
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3.4 Optimal Resource Allocation

Since the optimization problems (3.2) and (3.7) with 0 < α < 1 are both NP-Hard, algorithms with

polynomial time to find the optimal solution to the problems are not possible, and the globally optimal

solution has to be found by using global optimization approaches. However, finding the global optimum

of the power allocation problem may take an unrealistically long time and highly computational complex-

ity. In this section, the SCA approach is adopted to approximate and transform the NP-hard nonconvex

optimization problem to a sequence of convex programs and then propose two iterative SCA-based re-

source allocation algorithms. The convergence of the proposed algorithms are also analyzed. Effective-

ness of SCA-based algorithms for several resource allocation problems in wireless networks was verified

in [23, 41–43] to have the same optimal values as the globally optimal algorithms can achieve.

3.4.1 SCA-based Resource Allocation with Logarithmic Approximation

For the problem with α = 0, instead of solving the highly non-convex optimization problem, we exploit

the SCALE method [33] to resort the objective function. Applying the SCALE method, making use of

a logarithmic change of variables ρi = log(pi), and taking the logarithm of both sides of the second

constraint, the problem (3.2) can be boiled down to

max
ρ

ψSE
∑
i∈I

ři(e
ρ, αi, βi)− ψEEPT (eρ) ,

s.t. L =
{
ρi| log

(
pmin
i

)
≤ ρi ≤ log (pmax

i ) ,∀i ∈ I
}
, (3.12)∑

j 6=i

log

(
1 + γthi e

ρj−ρi gij
gii

)
≤ log (Ωi(e

ρ)) , ∀i ∈ I,

where ři(eρ, αi, βi) = αi log2 (γi(e
ρ)) + βi.

Lemma 2. For a given (α,β), (3.12) is a convex problem.

Proof. As proved in the previous section, the feasible set is convex. The first term in the objective function
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is concave since the log-sum-exp function is convex [66] while the second one is obviously convex; the

objective function is, therefore, concave. As a result, (3.12) is a convex optimization problem.

In the following, we utilize the Lagrangian duality technique to solve the problem (3.12) and then

propose an iterative algorithm. Denote by λ the Lagrangian multiplier associated with the second constraint

in (3.12), the Lagrangian function is defined as

L(ρ,λ) =ψSE
∑
i∈I

ři(e
ρ, αi, βi)− ψEEPT (eρ)

+
∑
i∈I

λi

log (Ωi(e
ρ))−

∑
j 6=i

log

(
1 + γthi e

ρj−ρi gij
gii

) ,

where α and β are two fixed approximation vectors. The dual function of which is given by g(λ) =

max
ρ∈L

L(ρ,λ). Accordingly, the dual problem is

max
λ≥0

L(λ). (3.13)

Upon solving the stationary condition ∂L(ρ,λ)/∂ρi = 0 and transforming of the result back to the original

solution space, we obtain the following fixed-point equation

pi(t+ 1) =

 ψSEαi(ln 2)−1 + λi(t)σ
2
iNi(t)

ψEE%+
∑
j 6=i

(
ψSEΛj(t)gji + λj(t)

Nj(t)gji
1+Nj(t)gjipi(t)

)

pmax
i

pmin
i

, (3.14)

where [z]ba = max{a,min{z, b}}, Ni(t) = γthi (pi(t)gii)
−1, and Λi(t) = αiγi(p(t))(giipi(t) ln 2)−1.

The solution to the dual problem (3.13) can be obtained by the subgradient method [66] as

λi(t+ 1) =

λi(t)− δ(t)×
log (Ωi(p(t)))−

∑
j 6=i

log

(
1 + γthi

pj(t)gij
pi(t)gii

)+

, (3.15)
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Algorithm 5 SCA-based Power Allocation with Logarithmic Approximation for the Problem with α = 0

1: Set εin > 0, εout > 0, τ = 1, FLAGout = 0, α(τ) = 1, and β(τ) = 0.

2: repeat {To update α and β}
3: Set FLAGin = 0 and t = 1

4: repeat {To solve (3.12) for a given (α,β)}
5: Allocate transmit powers according to (3.14).

6: Update dual variables λi via (3.15).

7: if maxi∈I |p(t)− p(t− 1)|/p(t) ≤ εin then
8: p(τ) = p(t) and FLAGin = 1.

9: else
10: Set t = t+ 1

11: end if
12: until FLAGin = 1

13: if maxi∈I |p(τ)− p(τ − 1)|/p(τ) ≤ εout then
14: p∗ = p(τ) is the optimal solution.

15: FLAGout = 1.

16: else
17: Let z(τ) = γi(p(τ)), update αi(τ) and βi(τ) as in (2.2) and (2.3), respectively.

18: Set τ = τ + 1

19: end if
20: until FLAGout = 1
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∀i ∈ I, where t is the iteration index and [z]+ = max{0, z}, and δ(t) is the step size, which is further

required to satisfy the diminishing rule, i.e, δ(t) > 0,
∑t=∞
t=1 δ(t)2 <∞,

∑t=∞
t=1 δ(t) =∞.

For a given (α,β), transmit powers and dual variables can be updated by (3.14) and (3.15), respectively.

Let τ denote the iteration index of the outer loop. We continue to investigate an iterative SCA-based

algorithm to solve the optimization problem (3.3) as presented in Algorithm 5.

Remark 4. Let T be the number of iterations required to update the approximation vectors α and β. Also,

denote by L the number of iterations to solve the problem (3.12) in the dual domain, i.e., the number of

iterations to update the transmit power according to (3.14). Then, the computational complexity of each

iteration of Algorithm 5 is O (TLI).

Theorem 6. With the logarithmic approximation, each outer loop of Algorithm 5 monotonically improves

the objective function. In addition, the optimal solution p∗ obtained by Algorithm 5 converges to an optimal

point, which satisfies the KKT optimality conditions of the underlying problem (3.3).

Proof. Define V (p) = ψSE
∑
i∈I log2

(
1 + pigii

σ2
i+

∑
j 6=i pjgij

)
− ψEEPT (p). We have

V (p(τ − 1))
(a)
=
∑
i∈I

ři(e
ρ(τ−1), αi(τ), βi(τ))− ψEEPT

(
eρ(τ−1)

)
(b)

≤
∑
i∈I

ři(e
ρ(τ), αi(τ), βi(τ))− ψEEPT

(
eρ(τ)

)
(c)

≤ V (p(τ)). (3.16)

In (3.16), we show (a) and (c) by the SCALE approximation. Inequality (b) is suitable since p(τ) is

the optimal solution to the problem (3.12) for a given (α,β). In addition, because the feasible region of

(3.2) is compact, V (p) is bounded in its domain and then the solution obtained by Algorithm 5 eventually

converges. Similar to [33], the second part of Theorem 6 can be proved by listing KKT optimality conditions

of (3.2) and (3.12) and comparing between the corresponding conditions.
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3.4.2 SCA-based Resource Allocation with D.C. Approximation

The rate function ri(p) can be expressed as a D.C. function of power allocation vector p as ri(p) =

fi(p) − hi(p), where both fi(p) and hi(p) are concave w.r.t. p, which are respectively given as fi(p) =

log2

(
σ2
i +

∑
j∈I

pjgij

)
and hi(p) = log2

(
σ2
i +

∑
j 6=i

pjgij

)
, for any node i ∈ I.

Theorem 7. α-fair utility function Uα(ri(p)) can be rewritten as

Uα(ri(p)) = Uα(fi(p)− hi(p)) = ui(p)− vi(p),

where ui(p) and vi(p) are respectively given as ui(p) = Uα(ri(p)) + χihi(p) and vi(p) = χihi(p)),

where χi is a constant satisfying χi ≥ C−αi with Ci > 0.

Proof. Refer to [48] for the proof.

For given p(t) at the iteration t, we approximate vi(p) by its first-order Taylor expansion as vi(p) ≈

vi(p(t))+∇vTi (p(t)) (p− p(t)). Here,∇vi (p(t)) is the gradient of vi(p) at p and given by∇vi (p(t)) =

χi
σ2
i+

∑
j 6=i

pjgij
ei, where ei is a I−dimensional column vector with ei(i) = 0 and ei(j) = χi

ln 2gij , j 6= i.

Then, the network utility can be represented as

∑
i∈I

Uα (ri (p)) =
∑
i∈I

(ui(p)− vi(p)) =
∑
i∈I

ui(p)−
∑
i∈I

vi(p)

≈ u(p)−
(
v(p(t)) +∇vT (p(t)) (p− p(t))

)
,

where u(p) =
∑
i∈I ui(p). Therefore, if we initialize from the iteration 0 and iteratively update the power
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allocation, the optimal value at the iteration (t+ 1) is derived from the following optimization problem

max
p

ψSE
[
u(p)−

(
v(p(t)) +∇vT (p(t)) (p− p(t))

)]
− ψEEPT (p)

s.t. Γ =
{
pi|pmin

i ≤ pi ≤ pmax
i , ∀i ∈ I

}
, (3.17)

Pr
(
γi ≤ γthi

)
≤ εi ∀i ∈ I,

where p(t) has been already obtained from the previous iteration. The objective function and first con-

straint of (3.17) are actually concave; however, the problem (3.17) is still not a convex problem due to the

nonconvexity of the second constraint. To convexify (3.17), we simplify the second constraint by exploit-

ing the relationship between the certainty-equivalent margin (CEM), which is CEM = γ̄i/γ
th
i , and outage

probability. According to [26,40], the upper bound and lower bound of the rate outage probability is given,

as follows:
1

1 + CEM
≤ Pr

(
γi ≤ γthi

)
≤ 1− exp (−1/CEM) . (3.18)

For simplicity, we consider the lower bound of (3.18), which with the condition of the rate outage probability

εl results in

γ̄thi ≤ γ̄i, (3.19)

where γ̄thi = γthi (1/εi − 1). The rate outage constraints (3.19) can be equally expressed by the following

linear constraints pigii − γ̄thi

(
σ2
i +

∑
j 6=i

pjgij

)
≥ 0. Now, the optimization problem can be formulated as

max
p

ψSE
[
u(p)−

(
v(p(t)) +∇vT (p(t)) (p− p(t))

)]
− ψEEPT (p)

s.t. Γ =
{
pi|pmin

i ≤ pi ≤ pmax
i , ∀i ∈ I

}
, (3.20)

pigii − γ̄thi

σ2
i +

∑
j 6=i

pjgij

 ≥ 0 ∀i ∈ I.
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Since the above problem is a convex optimization problem, we can use any convex solver [66] to solve (3.20).

The procedure to solve the problem (3.7) is summarized in Algorithm 6. A remark on Algorithm 6 is made

Algorithm 6 SCA-based Power Allocation with D.C. Approximation for Problem with 0 < α < 1

1: Set ε > 0, t = 0, FLAG = 0 and initialize p(t).
2: repeat
3: Solve the problem (3.20) to obtain p∗.
4: if maxi∈I |p∗ − p(t)|/p∗ ≤ ε then
5: p∗ is the optimal solution.
6: FLAG = 1.
7: else
8: Set t = t+ 1.
9: Set p(t) = p∗.

10: end if
11: until FLAG = 1

as the following.

Remark 5. At each step of Algorithm 6, vi(p) is approximated by its first-order Taylor expansion vi(p(t))+

∇vTi (p(t)) (p− p(t)), which is concave w.r.t. power allocation p and very close to vi(p) at fairly large

neighborhood of p(t). The performance of this approximation has been verified in previous literature, for

example, [23, 41, 42, 48].

Theorem 8. With the D.C. approximation, the sequence of power allocation {p(t)} generated by Algo-

rithm 6 monotonically improves the objective function and eventually, converges to a locally optimal solu-

tion to the problem (3.7).

Proof. Let g(p) = ψSEu(p) − ψEEPT (p). Since u(p) is concave and PT (p) is linear, g(p) is concave.

In addition, due to the concavity of v(p), v(p) ≤ v(p(t)) +∇vT (p(t)) (p− p(t)). We have the following
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relations

g(p(t))− ψSEv(p(t)) ≥ g(p(t))− ψSEv(p(t− 1))− ψSE∇vT (p(t− 1)) (p(t)− p(t− 1))

= max
p

[
g(p)− ψSEv(p(t− 1))− ψSE∇vT (p(t− 1)) (p− p(t− 1))

]
≥ g(p(t− 1))− ψSEv(p(t− 1))− ψSE∇vT (p(t− 1)) (p(t− 1)− p(t− 1))

= g(p(t− 1))− ψSEv(p(t− 1)).

In the above system, the first inequality is from the concavity of v(p), the second equality is actually step

3 of Algorithm 6, the third inequality is suitable since p(t) is the optimal solution to the problem (3.20)

for given p(t− 1), the last one is obviously true. Clearly, the objective monotonically increases or remains

unchanged after each update of power allocation p(t). Moreover, the feasible region of (3.7) is compact,

the sequence of power allocation {p(t)} generated by Algorithm 6 therefore will eventually converge to a

locally optimal solution to (3.7).

3.5 Simulation Results

In this section, we evaluate the performance of the proposed algorithms (ProA) in Section 3.4 by exten-

sive numerical results. The noise power and the circuit power consumption are respectively set to σ2
i = 0.1

µW and (pi,ct + pi,cr) = 0.1 mW [42, 43], and the power amplifier efficiency % = 50% is set. The stop-

ping criteria ε is set to 10−6. Unless other stated, the rate outage probability for all users is 0.15, i.e.,

εi = 0.15,∀i, the data rate requirement for all users is 0.5 bps, i.e., γth = 0.4142,∀i, and the priority

parameter ψ = [0.2 0.8] is set.

To evaluate the convergence of the proposed algorithms, we use the same network scenarios in [67].

Specifically, a random network topology with 10 users and the coverage area of 100 m x 100 m is consid-
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ered. Transmitters are randomly positioned according to a uniform distribution and receivers are located

randomly within a 20 m x 20 m area around their corresponding transmitters. The channel gains gij = d−4ij ,

where dij is the distance from the transmitter j to the receiver i. The noise power spectral density is 174

dBm/Hz. Other parameters are, pcr = 10.0 mW, pct = 10.0 mW, % = 50%, εi = 0.1 and γthi = 6.5 dB for

all i. Note that Algorithm 5 can be regarded as a two-loop operation, more in details, the inner loop lies in

step 5, which is to find the optimal power allocation for a given (α,β) and the outer loop is to update the

approximation coefficientsα and β. From Fig. 3.1, the inner loop of the ProA with α = 0 converges within

few dozens of iterations. Meanwhile, the outer loop usually converges within few iterations, which depends

on initial conditions, for example, initial power allocation. Therefore, the ProA with α = 0 is numerically

convergent and cost-effective in term of computational complexity.
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Figure 3.1: Convergence of the transmit powers.

For the ease of evaluation of the ProAs and convenience of comparison with existing frameworks,

we consider the simulation scenario as in [41–43, 52] and the weight w = [1/6 1/6 1/3 1/3] in [41] is

changed to w = [1 1 1 1]. Specifically, I = 4, Pmax =
[
{pmax
i }i

]
= [0.7 0.8 0.9 1.0] mW, Pmin =
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[{
pmin
i

}
i

]
= [0.0 0.0 0.0 0.0] mW, and the channel gain matrix G = {gij}∗

G =



0.4310 0.0002 0.0129 0.0011

0.0002 0.3018 0.0005 0.0031

0.2605 0.0008 0.4266 0.0099

0.0039 0.0054 0.1007 0.0634


.

In the first experiment, we vary values of the fairness index α and rate outage threshold εi (from εi =

0.05 to εi = 0.50) and show their impacts on the spectral efficiency and energy efficiency. As can be seen

from Fig. 3.2 and Fig. 3.3, when εi is small, the smaller the fairness index α is (ε ≤ 0.15 in the current

simulation settings), the larger and smaller spectral efficiency and energy efficiency, respectively, are. In

the meanwhile, when εi is large enough (ε ≥ 0.20), both spectral efficiency and energy efficiency decrease

as the fairness index α increases. This is reasonable since when the outage constraint is not strict, i.e.,

the outage probability is high, as the fairness degree increases, there is a drop in the sum rate utility and

an increase in the total power consumption. Our observation is similar to one in relay-aided cooperative

OFDMA networks [68] that for the same value of spectral efficiency, a lower energy efficiency is achieved

as the fairness level increases or a higher fairness results in a worse SE-EE tradeoff. However, when the

outage probability is low, the most energy efficient design is to fulfill the rate outage constraint, i.e., low

SINR and less interference to the other pairs. Under this context, the total power consumption reduces as

the fairness degree increases and its decrease is much faster than that of the spectral efficiency. As a result,

when the maximal outage probability is low, the higher the fairness degree, the higher the energy efficiency.

In summary, the spectral efficiency and energy efficiency are conflicting when the outage constraint is strict

and vice versa. It can also be seen from Fig. 3.3a and Fig. 3.3b that the performance gap approaches zero

as εi increase, e.g., the spectral efficiency and energy efficiency in the case of εi = 0.40 and εi = 0.50 are

almost the same.
∗The channel gain matrix G is generated by considering a four-link network where the links are randomly positioned in a 10 m x

10 m area and gij = d−4
ij .
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Figure 3.2: Impacts of the fairness index and rate outage probability on the performance.

In Fig. 3.4, we evaluate the performance of the ProA with 0 < α < 1 as the SINR threshold and fairness

index change. In this context, let rreqi be the data rate requirement of user i, its target minimum SINR is
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Figure 3.3: Impacts of the fairness index and rate outage probability on the performance, where epxx means
εi = 0.xx,∀i.

γthi = 2r
req
i − 1. Similar to the case of varying εi, spectral efficiency decreases as the SINR threshold

γthi increases (for a given fairness index α) and the fairness index increases (for a given SINR threshold
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γthi ) and the gap gets closer and becomes zero when the SINR threshold is large enough. In term of energy

efficiency, when γthi is less than a critical value (correspondingly, rreqi ≤ 0.4 bps in the current simulation

settings), energy efficiency decreases as γthi increases. In contrast, when γthi is large (rreqi ≥ 0.5 bps),

energy efficiency increases as γ increases. Another observation from Fig. 3.3 and Fig. 3.4 is that εi = 0.15

and rreqi = 0.5 can be used to have a reasonable performance of the SE-EE tradeoff, we therefore simply

consider εi = 0.15 and rreqi = 0.5 in the default setting.

Now, we compare the ProA with 0 < α < 1 with three alternatives; the first one, SRM, was proposed

in [48], which is to maximize the sum of α-fair sum rate (0 < α < 1) subject to constraints on data

rate requirements and power budget; the second one, SRMO, is to maximize the sum of α-fair sum rate

(0 < α < 1) subject to constraints on rate outage probability and power budget, which is the optimization

problem (3.7) with ψ = [1 0]; and the last one, NPM, is to the optimization problem (3.7) with ψ = [0 1].

As can be seen from Fig. 3.5, the NPM achieves the highest energy efficiency, which is sacrificed by the

lowest spectral efficiency. The SRMO yields higher spectral efficiency, but lower energy efficiency than

the ProA, which is able to adjust the priority parameter to balance between energy efficiency and spectral

efficiency. In addition, as the fairness index α increases, both energy efficiency and spectral efficiency

obtained from the SRM proposed in [48] decreases. Although the SRM outperforms the ProA in term of

spectral efficiency, which is reasonable since its objective is to maximize the sum of α-fair sum rate, energy

efficiency, yielded by the ProA, increases steadily and is higher than that of SRM when the fairness index

α is around 0.75. The drop in energy efficiency of the ProA is due to the use of near-optimal scheme with

the lower bound of the rate outage probability (3.18). Therefore, it is recommended to use a hybrid scheme,

which is composed of the SRM [48] (α ≤ 0.75) and the ProA (α ≥ 0.75)∗.

Next, we evaluate performance of the ProA with α = 0. Note that the optimization problem in 3.2

reduces to the total power minimization problem atψ1 = [0.0 1.0] and to the weighted sum rate maximiza-

tion problem atψ11 = [1.0 0.0]. Since the multi-objective problem of the SE-EE tradeoff is transformed to

∗The value of the fairness index α, below which we use the SRM and above which we use the ProA, depends on the simulation
settings, for example, the channel gain matrix and the data rate requirement.
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Figure 3.4: Impacts of the fairness index and data rate requirement on the performance, where r req = 0.x
means rreqi = 0.x bps,∀i.

the problem of maximizing the sum-rate and minimizing the total power consumption, the highest spectral

efficiency and lowest energy efficiency are achieved at ψ1 and vice versa at ψ11. Moreover, from Fig. 3.6,
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Figure 3.5: Comparison of the ProA with existing alternatives.

spectral efficiency and energy efficiency increases and decreases monotonically when the priority parame-

ter changes from ψ1 to ψ11. This is reasonable since (1) at ψ1, the objective function is to maximize the

sum-rate of all users; (2) at ψ11, the objective is the total power minimization; and (3) as the priority goes

from ψ1 to ψ11, the priority for maximizing spectral efficiency is higher while that for maximizing energy

efficiency is smaller. Therefore, comparing to the sum-rate maximization and total power minimization

schemes, our proposed algorithm outperforms in term of the SE-EE tradeoff.

In Fig. 3.7, we study impacts of both the priority parameter and outage probability threshold on spectral

efficiency and energy efficiency of the ProA with α = 0. From Fig. 3.7 and as observed in Fig. 3.6, for a

given rate outage probability, spectral efficiency and energy efficiency increases and decreases monotoni-

cally when the priority parameter changes from ψ2 to ψ10. Also, for a given priority parameter, spectral

efficiency increases and energy efficiency decreases as the higher outage probability threshold is imposed∗.

The reason is that when εi increases, more power consumption is needed to compensate effects of rate out-
∗Note that the left figure is for the spectral efficiency, not the spectrum, and the right figure is for the energy efficiency with the unit

of Kb/J/Hz. In addition, a large set of the priority parameter is used in the experiment, from ψ2 to ψ10. Therefore, the gap between the
maximum and minimum value of spectral efficiency and energy efficiency is relatively large and the performance gap looks minimal
and the observation should be seen from the two enlargements.
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Figure 3.6: Impacts of the priority parameter on spectral efficiency and energy efficiency with α = 0, where
ψi = [0.1× (i− 1) 1− 0.1× (i− 1)].

age as well as meeting QoS requirements. However, due to the limitation on the power budget and fixed

SINR threshold, increment in outage probability cannot be fully compensated by allocating more transmit

power and therefore, the performance gap in spectral efficiency and energy efficiency between different

schemes of outage probability thresholds becomes smaller and larger, respectively.

Finally, we vary the data rate requirement from 0.1 bps to 0.8 bps with a step of 0.1 and compare the

performance of the ProA with α = 0 with the weighted sum rate maximization (WSRM) scheme in [41]

and the general algorithm procedure (GAP) embedded with an iterative power allocation algorithm in [42].

For a fair comparison, as rreqi is the data rate requirement of user i in [41, 42], the SINR threshold of

user i in the current simulation is γthi = 2r
req
i − 1, which is defined similarly to the case 0 < α < 1.

As can be seen from Fig. 3.8, the energy efficiency and spectral efficiency yielded by the ProA increases

and decreases monotonically as the higher data rate is required. Similarly, the spectral efficiency of the

WSRM and GAP decreases as the data rate requirement increases; however, the corresponding energy

efficiency varies differently when the data rate requirement changes. Moreover, the ProA is distinctly

superior to the WSRM and GAP in term of the SE-EE tradeoff. In particular, in the GAP scheme, the

72



Chapter 3. Spectral and Energy Efficiency in Spectrum-Sharing Wireless Networks

16.5

17

17.5

18

18.5

19

19.5

20

Priority parameter

S
p

e
ct

ra
l e

ff
ic

ie
n

cy
 (

b
p

s/
H

z
)

 

 

ep10
ep15
ep20
ep25
ep30
ep35
ep40
ep50   

 

 

2 3 4 5 7 8 9 106

(a) Impacts on spectral efficiency.

5.5

6

6.5

7

7.5

8

8.5

9

9.5

10

10.5

11

E
n
e

rg
y
 e

ff
ic

ie
n
c
y
 (

K
b

/J
/H

z
)

 

 

Priority parameter

ep10
ep15
ep20
ep25
ep30
ep35
ep40
ep50

 
 

 

2 3 4 5 7 8 9 106

(b) Impacts on energy efficiency.

Figure 3.7: Impacts of the priority parameter and outage probability threshold on the performance, where
epxx means εi = 0.xx,∀i.

highest energy efficiency is sacrificed by the lowest spectral efficiency; this is reasonable since its objective

is to maximize the global energy efficiency. In the meanwhile, both spectral efficiency and energy efficiency
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of the WSRM approach are lower than those of the ProA. In addition to high performance on the SE-EE

tradeoff, the ProA can also vary ψ to adjust the priority of either spectral efficiency or energy efficiency as

illustrated in Fig. 3.6. In order to show the better tradeoff of the ProA, we present the spectral efficiency

and energy efficiency in a single value by defining two types of performance functions, the first type of

utility is U1 = w(ηSE/η
max
SE ) + (1 − w)(ηEE/η

max
EE ) and the second type of utility is defined as U2 =

(ηSE/η
max
SE )w(ηEE/η

max
EE )(1−w)∗, where w is the priority parameter of the spectral efficiency, ηmax

SE and

ηmax
EE are respectively the maximal spectral efficiency and energy efficiency. For any value of the priority

parameter, the utilities of the ProA are clearly higher than those of the WSRM. Although the GAP method

achieves higher energy efficiency than the ProA, the ProA can adjust the priority parameter so that the

obtained utilities are higher than those of the GAP. These facts can be illustrated by sampling w as 0.8

and seen from Fig. 3.9, where the first and second types of utility functions are denoted by solid lines and

dashed lines, respectively. The comparison for the case of 0 < α < 1 can be explained similarly.
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Figure 3.8: Comparison of the ProA with existing frameworks.

∗According to [63], to present both the spectral efficiency and energy efficiency in a single numerical value for comparison, it is
important to make both the spectral efficiency and energy efficiency comparable without associated physical units, i.e., the spectral
efficiency and energy efficiency should be transformed such that they are dimensionless
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Figure 3.9: Comparison of the ProA with existing frameworks with 2 types of utility function.

3.6 Conclusion

This chapter devised the formulation and analyzed the complexity of the optimization problem of the

SE-EE tradeoff in spectrum-sharing wireless networks. In particular, the problem is NP-Hard when 0 <

α < 1 and α = 0 and is convex for other values of the fairness index α. Accordingly, two algorithms were

proposed for NP-Hard cases. Numerical examples demonstrated that the proposed algorithms outperform

the compared alternatives in term of the SE-EE tradeoff.

75



Chapter 4

α-Fair Resource Allocation in

Non-Orthogonal Multiple Access

Systems

As an extension of chapter 3, this chapter considers and analyzes the complexity of the α-fair power

control problem in NOMA systems.

4.1 Introduction

Non-orthogonal multiple access, namely NOMA, has been considered as a promising multiple access

technology in 5G networks due to the superior spectral efficiency by introducing a new domain, the power

domain, compared to conventional orthogonal multiple access (OMA). With NOMA, multiple users are

enabled to pair in and share the same frequency radio resource at the same time. At the receiver side, multi-

user detection algorithms such as successive interference cancellation (SIC) are used to detect the desired
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signals. Due to the SIC order, the users in NOMA can achieve different rates and fairness is therefore not

obtained. However, fairness can be improved and supported through an appropriate power allocation [12].

Great attention has been devoted to the fair resource allocation in NOMA systems, for example, propor-

tional fairness in [69] and max-min fairness in [12]. Actually, there is a tradeoff between the sum-rate and

fairness degree, i.e., improving the sum-rate results in decreasing the fairness degree and vice versa. While

the min-rate problem [12] offers the most fairness, the sum-rate is low. In addition, the proportional sum-

rate [69] cannot provide a reasonable tradeoff between the sum-rate and fairness degree. α-fair resource

allocation was studied in [70] for the sum-rate maximization problem and in chapter 3 for the problem

of spectral- and energy-efficient tradeoff in spectrum-sharing wireless networks. However, to the best of

the authors’ knowledge, there is no existing work devoted to α-fair resource allocation problem in NOMA

systems.

In this chapter, we consider and analyze the complexity of the α-fair resource allocation problem in

NOMA systems. Specifically, the problem is shown to be convex when 1 ≤ α <∞ and α =∞, NP-Hard

when 0 < α < 1, and polynomial-time solvable when α = 0. Despite of the NP-Hardness for the case

0 < α < 1, the power allocation problem is formulated as a difference of two concave functions (DC). The

problem is therefore approximated to a convex program and then the sub-optimal solution can be achieved

by solving a sequence of convex programs. The numerical simulation is also provided so as to verify the

performance of our proposed algorithms.

4.2 System Model and Problem Formulation

Consider the downlink of a NOMA system with one base station (BS) andN users, each one is equipped

with only one antenna. The set of users is N = {1, ..., N}. Denote by gn the channel response from the BS

to the user n and channel gains of all users are sorted in an ascending order, i.e., |g1| ≤ |g2| ≤ ... ≤ |gN |.

The total bandwidth is normalized to unity.
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The NOMA system serves multiple users at the same time over the entire bandwidth by allowing the

BS to use the superposition coding technique. Hence, the received signal at the user n is given as yn =

gn
∑
i∈N
√
pisi + zn, where pi is the transmit power allocated to the user i, si is the data symbol for the

user i, and zn is the additive white Gaussian noise, which is assumed to be i.i.d. and the noise variance is

σ2
n.

For NOMA, the user n implements the successive interference cancellation (SIC) technique in order to

decode the signal of users with lower channel gain. As a result, the SINR at the user n to decode signals

from users with lower channel gains is

γn(pn) =
|gn|2pn

σ2
n + |gn|2

N∑
i=n+1

pi

,

where pn = [pn, pn+1, ..., pN ]. Correspondingly, the achievable rate at the user n isRn(pn) = log2 (1 + γn(pn))

and the utility is Uα (Rn(pn)), where α is the fairness index and Uα(·) is the utility function (1.1).

The objective is to maximize the total α-fair utility of all users, the optimization problem is therefore

formulated as

max
p

∑
n∈N

Uα(Rn)

s.t. pn ≥ 0 ∀n ∈ N, (4.1)∑
n∈N

pn ≤ P,

where P denotes the maximum transmit power at the BS.

4.3 Complexity Analysis and Algorithm

We consider five cases of the fairness index α and analyze the complexity of the problem (4.1).
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4.3.1 α = 0

When α = 0, the optimization problem (4.1) becomes

max
p

∑
n∈N

log2 (1 + γn(pn))

s.t. pn ≥ 0 ∀n ∈ N, (4.2)∑
n∈N

pn ≤ P.

The problem (4.2) is equivalent to the R-JPCAP in single-carrier NOMA systems [71]. In particular, the

problem (4.2) is polynomial-time solvable and power can be consecutively allocated in their channel gains,

i.e., an ascending order since we have assumed that channel gains are sorted in an ascending order. Since

there is no fairness among users in this case, user with the highest channel gain is enabled to transmit at its

maximum power and the remaining power is used for the other users; the process is repeated until power is

allocated to all of users or there is no power to allocate.

4.3.2 Proportional fairness, α = 1

When α = 1, proportional fairness, the optimization problem (4.1) becomes

max
p

∑
n∈N

log (log2 (1 + γn(pn)))

s.t. pn ≥ 0 ∀n ∈ N, (4.3)∑
n∈N

pn ≤ P.

Introducing auxiliary variables ρn = log(pn) and tn such that exp(tn) ≤ log2 (1 + γn(pn)), we can easily

prove that the problem (4.3) is a convex optimization problem and the globally optimal solution to (4.3) can

be obtained by the interior-point method. Slightly different from our approach, Yang et al. introduced ηn
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such that ηn ≤ γn(pn) and transformed the problem (4.3), with the unique intensity constraint for visible

light communication systems, to a convex problem. The optimal solution in [69] is however obtained by

using the the duality technique with low complexity in a comparison with the interior-point method.

4.3.3 Max-min fairness, α =∞

The optimization problem now becomes

max
p

min
n∈N

log2 (1 + γn(pn))

s.t. pn ≥ 0 ∀n ∈ N, (4.4)∑
n∈N

pn ≤ P.

Timotheou and Krikidis proved in [12] that the objective function with proportional fairness is quasi-

concave and transformed the problem (4.4) into a series of linear programs by introducing new auxiliary

variables, which can be found through a bisection procedure.

Similarly, Luo and Zhang [65] proved that the spectrum management problem in single frequency band

systems is polynomial time solvable, i.e., it can be solved by parametric linear programming. In chapter 3,

the SE-EE tradeoff problem in interference-limited wireless networks is verified to be neither convex or

concave. However, the authors showed that the solution can be achieved by dealing with variables separately

in a Gauss-Seidel fashion.
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4.3.4 Fairness with 1 < α <∞

For the case of 0 < α < 1 and 1 < α <∞, the problem is

max
p

∑
n∈N

1

1− α
(log2 (1 + γn(pn)))

1−α

s.t. pn ≥ 0 ∀n ∈ N, (4.5)∑
n∈N

pn ≤ P.

The complexity of (4.5) with 1 < α < ∞ is now analyzed and that for 0 < α < 1 will be analyzed in the

next subsection.

Theorem 9. The problem (4.5) is a convex optimization problem.

Proof. Introducing new auxiliary variables t and ρ such that exp(tn) ≤ log2 (1 + γn(pn)) and ρn =

log(pn), the problem (4.5) can be reformulated as

max
ρ,t

∑
n∈N

1

1− α
(exp(tn))

1−α

s.t. exp(tn) ≤ log2 (1 + γn(exp(ρn))) ∀n ∈ N, (4.6)∑
n∈N

exp(ρn) ≤ P.

The second-order derivative of the objective function w.r.t. tn is (1 − α)(exp(tn))1−α; therefore, when

1 < α < ∞, the objective function is a concave function. The second constraint in (4.6) is convex. Let

hn = |g2n|, the first constraint can be equivalently transformed into

log

(
σ2
n

hn
e−ρn +

N∑
i=n+1

eρi−ρn

)
+ log

(
2e
tn − 1

)
≤ 0.

The log-sum-exp function is convex [66], the second term log
(

2e
tn − 1

)
can be proved to be convex by
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taking the second-order derivative and showing that the result is non-negative. Hence, the third constraint

is convex. Therefore, the problem (4.6) is a convex problem. The proof ends.

Remark 6. A special case is α = 2. In this case, the objective function is actually the harmonic-rate utility

function. Similarly, Luo and Zhang [65] proved that the problem of maximizing the harmonic-rate utility

subject to power constraints in single frequency band systems is convex.

4.3.5 Fairness with 0 < α < 1

The optimization in this case is actually the problem (4.5) with 0 < α < 1. We have the following

theorem.

Theorem 10. The optimization problem (4.5) with 0 < α < 1 is NP-Hard.

Proof. Assume 0 ≤ pn ≤ 1, i.e., the second constraint in (4.5) is simply
∑
n∈N pn ≤ N ≤ P . Then, the

problem (4.5) with 0 < α < 1 can be represented as the following

max
p

∑
n∈N

1

1− α

log2

1 +
hnpn

1 + hn
N∑

i=n+1

pi




1−α

s.t. 0 ≤ pn ≤ 1 ∀n ∈ N.

The problem of optimizing the multiobjective problem of spectral efficiency and energy efficiency while

considering fairness in spectrum-sharing networks with 0 < α < 1 in chapter 3 is, as follows:

max
p

ψSE
∑
i∈N

1

1− α
(log2 (1 + γi(p)))

1−α − ψEE%
∑
i∈I

pi,

s.t. 0 ≤ pi ≤ 1, ∀i ∈ N, (4.7)

where ψSE and ψEE are respectively the priority parameter of spectral efficiency and energy efficiency, and
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% is the power-inefficient factor of the amplifier. The problem (4.7) can be proved to be NP-hard by showing

a polynomial transformation of the maximum independent set problem on a graph to the problem (4.7). A

special case of the problem (4.5) has the same structure as the problem (4.7). As a result, the problem (4.5)

with 0 < α < 1 is NP-Hard. The proof ends.

Due to NP-Hardness, an algorithm with polynomial time to find the optimal solution to the problem

is not possible and the globally optimal solution has to be found by using global optimization approaches.

However, we latterly prove that the objective function of the problem (4.5) with 0 < α < 1 can be repre-

sented as the difference of two concave (D.C.) functions. Then, we utilize the D.C. programming to propose

a procedure to find the suboptimal solution to the problem (4.5).

The utility function of the user n can be rewritten as

Uα (Rn(pn)) = Uα

log2

(
1 + hn

N∑
i=n

pi

)
︸ ︷︷ ︸

fn(pn)

− log2

(
1 + hn

N∑
i=n+1

pi

)
︸ ︷︷ ︸

gn(pn+1)


=
(
Uα
(
fn(pn)− gn(pn+1)

)
+ χngn(pn+1)

)︸ ︷︷ ︸
un(pn)

−χngn(pn+1)︸ ︷︷ ︸
vn(pn+1)

,

where χ ≥ θ−α with θ being a small positive number and fn, gn, and vn are all concave functions w.r.t. p.

Therefore, our remaining task is to prove that un is concave w.r.t. p. We have the following relationships

Uα
(
fn(pn)− gn(pn+1)

)
+ χngn(pn+1)

≤ Uα(θn) + θ−αn
(
fn(pn)− gn(pn+1)− θn

)
+ χngn(pn+1)

= Uα(θn)︸ ︷︷ ︸
concave

− θ−α+1︸ ︷︷ ︸
a number

+ θ−αn fn(pn)︸ ︷︷ ︸
concave

+
(
χn − θ−αn

)
gn(pn+1),

where the inequality is due to the concavity of Uα. In particular, since the function Uα is a concave function,

Uα(y) ≤ Uα(x) +∇Uα(x)T (y − x) [66]. The inequality is then showed by replacing fn(pn)− gn(pn+1)
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for y, θn for x, and using the α-utility function in (1.1). It is observed that the right hand side of the

above relationships is concave if and only if (χn − θ−α) gn(pn+1) is concave. It is true because we assume

that χn ≥ θ−α. As a result, un is concave since it is equivalent to the infimum of concave functions

w.r.t. θn. Moreover, the objective function of the problem (4.5) can be represented as the D.C. function.

Consequently, we can utilize an iterative algorithm to find the suboptimal solution to the problem (4.5).

Specifically, for given p(t) at the iteration t, we approximate v(p) by its first-order Taylor expansion, i.e.,

v(p(t)) +∇v(p(t))(p − p(t)). Then, we find the power allocation at the iteration (t + 1) by solving the

following concave optimization problem

max
p

u(p)− (v(p(t)) +∇v(p(t))(p− p(t)))

s.t. pn ≥ 0 ∀n ∈ N, (4.8)∑
n∈N

pn ≤ P.

The procedure to solve the problem (4.5) is summarized in Algorithm 7. It is noted that with the D.C.

approximation, the sequence of power allocation {p(t)} generated by Algorithm 7 monotonically improves

the objective function and eventually converges to a locally optimal solution to the problem (4.8). Similar

to chapter 3, we can prove the locally optimal solution of Algorithm 7.

4.4 Simulation Results

In this section, we provide numerical simulation results to verify the proposed algorithms. Consider

a single-cell with one base station (BS) and a number of users. The BS is located in the center of the

cell and users are uniformly distributed with an annulus with the inner and outer of 500 m and 1000 m,

respectively. The path loss is modeled as 33.1 + 36.7 log(10d), where d is the distance between the BS and

a user in kilometers. The noise variance −160 dBm is assumed to be the same for all users, the large-scale
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Algorithm 7 SCA-based Power Allocation with D.C. Approximation for Problem with 0 < α < 1

1: Set ε > 0, t = 0, FLAG = 0 and initialize p(t).

2: repeat
3: Solve the problem (4.8) to obtain p∗.

4: if maxi∈I |p∗ − p(t)|/p∗ ≤ ε then
5: p∗ is the optimal solution.

6: FLAG = 1.

7: else
8: Set t = t+ 1.

9: Set p(t) = p∗.

10: end if
11: until FLAG = 1

shadowing part is modeled by a log-normal distribution with zero mean and standard deviation 8 dB, and

the small-scale fading coefficients are distributed as Rayleigh random number variables with unit variances.

Each following plot is average over 100 channel realizations.
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Figure 4.1: Impact of the fairness degree on the performance.

In the first experiment, we set the maximum transmit power at the BS P to 6 W and examine impact of

the fairness degree on the sum rate and minimum rate. From Fig. 4.1, the minimum rate increases almost

linearly as the fairness degree increases and eventually approaches the highest value at α = ∞, i.e., max-
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min fairness. Moreover, for a given fairness degree, reducing the number of users increases the minimum

rate, which is similar to the observation in [12] for the case of max-min fairness. Another observation from

Fig. 4.1 is that the sum rate tends to reduce as the fairness degree increases. However, when the fairness

degree is low, both the sum rate and minimum rate increase as the fairness degree increases, which is

different from the fairness for maximizing the sum-rate in spectrum-sharing wireless networks [70], where

a more fair power allocation often results in a reduction in the sum-rate. It can be explained, as follows.

The use of superposition coding technique for a large number of users is unfair. For example, the sum rates

for N = 5, N = 10 and N = 15 first increase and then reduce; and the inflection point∗ in term of the

fairness degree for N = 15 (N = 10) is higher than that ofN = 10 (N = 5). As a result, there is a tradeoff

between fairness and the number of users sharing the same time-frequency resource block†, and for the low

fairness degree, both the sum rate and minimum rate can be obtained, i.e., they do not conflict each other.

In addition, the performance gap between N = 5 and N = 10 is larger than that between N = 10 and

N = 15, i.e., the performance gap gets closer as the number of users increases.

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.3

0.8

1.3

1.8

2.3

1 2 4 6 8 10 12 14 16 18 20

M
in

im
um

 r
at

e 
(b

ps
)

S
u

m
 r

at
e 

(b
ps

)

Maxmimum transmit power (W)

Minimum rateSum rate

N=5 N=10 N=15

Figure 4.2: Impact of the fairness degree on the performance when the fairness degree α = 0.6.

In Fig. 4.2, we plot the sum rate and minimum rate as functions of the maximum transmit power avail-
∗A point below which the sum rate increases and above which the sum rate decreases.
†A resource block can be the entire bandwidth if all users are allowed to use the entire bandwidth or a sub-carrier in OFDMA-

based NOMA systems, where users, using the same sub-carrier, compose a cluster.
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able at the BS. It is shown that both the minimum rate and sum rate increases with the increment of the max-

imum transmit power at the BS increases. Moreover, the performance gap between N = 5 and N = 10,

and N = 10 and N = 15 becomes larger and it is verified gain that increasing the number of users reduces

the performance.
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Figure 4.3: Comparative performance between the proposed framework, fixed NOMA, and conventional
scheme in term of the total achievable rate.

In Fig 4.3., we compare the performance of the proposed framework with two different ones: the fixed

NOMA, where the transmit power is equally assigned among users, and the conventional scheme, where

the SIC capability is not supported at the receiver side. The number of users is fixed as N = 5 and the

maximum transmit power at the BS P is P = 6 W. It is observed that the proposed framework always

outperforms the fixed NOMA and conventional scheme in all cases of the fairness degree.

4.5 Conclusion

This chapter considered and analyzed the complexity of α-fair resource allocation problem in NOMA

systems. In particular, the problem is shown to be convex when 1 ≤ α < ∞ and α = ∞, NP-Hard when
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0 < α < 1, and tractable when α = 0. The simulation results verified that there is a tradeoff between the

number of users in a cluster and fairness degree, and the proposed framework is superior to the conventional

scheme and fixed NOMA scheme.
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Chapter 5

Conclusion and Future Work

The final chapter summarizes the important contributions of this thesis and highlights the future research

directions. In sum, this thesis proposes three fair and energy-efficient resource allocation frameworks in

wireless networks. In particular, our first work considers energy-efficient power control schemes for inter-

ference management in the uplink of spectrum-sharing heterogeneous networks. In the first scenario, the

objective function is defined as the weighted sum of the energy efficiencies and the optimization problem

is in a sum-of-ratios form and we develop an efficient global optimization algorithm with global linear and

local quadratic rate of convergence to solve the considered problem. We consider the max-min problem to

improve fairness among individual UEs in term of energy efficiency, where the objective is defined as the

weighted minimum of the energy efficiencies. A fractional programming theory and the dual decomposi-

tion method are jointly used to solve the problem and develop an iterative algorithm. Moreover, we discuss

the global energy efficiency problem and consider near optimal schemes. Open issues of this work for the

future development include: 1) reducing the amount of message passing in the networks; 2) addressing the

joint subchannel assignment and power allocation for energy efficiency maximization in uplink OFDMA-

based HetNets; 3) developing a systematic design where both of the uplink and downlink energy-efficient
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resource allocation are jointly optimized; and 4) extending this work to multiple antenna systems.

In the second work, we introduce a fair and energy-efficient resource allocation framework in interference-

limited wireless networks. Consider the tradeoff between energy efficiency and spectral efficiency, the mul-

tiobjective problem of spectral efficiency and energy efficiency is transformed into a problem that minimizes

the total power consumption and maximizes the achievable utility, subject to power constraints and rate out-

age probability constraints. The complexity of the considered problem is then analyzed; particularly, the

optimization problem is NP-Hard when 0 ≤ α < 1 and is convex for other values of the fairness index α.

Regarding the complexity analysis, we adopt the SCA approach to approximate and transform the NP-hard

nonconvex optimization problem into a sequence of convex programs and propose two iterative SCA-based

resource allocation algorithms. The obtained results in this work can be served as a useful reference in order

to achieve the SE-EE tradeoff with the fairness consideration. In addition, this work is a basis for future

developments of the problem of α-fairness and the SE-EE tradeoff in D2D communications and NOMA

systems.

The final problem we consider is the problem of α-fairness in NOMA-based wireless networks. We

consider the α-fair power control problem and point out that the problem is convex when 1 ≤ α ≤ ∞,

NP-Hard when 0 < α < 1, and polynomial time solvable when α = 0. The key result from this work

is that there is a tradeoff between the fairness and the number of users in a cluster in NOMA systems.

Regarding this important conclusion, we will focus on the problem of -fair resource allocation for OFDMA-

based NOMA systems. An extension of our work to visible light communications (VLCs) is interesting.

The current work can be significantly improved if users have capability to harness energy from renewable

resources, e.g., solar and wind, and RF signals, e.g., television signals and interference signals.
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