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1Breadth-first search generalized to arc costs adding up along a path (Dijkstra’s algorithm)

2S(q) =
Z t̂

0

L(q(t), q̇(t)) dt with Lagrangian L(q, q̇) (Hamilton’s principle, δS = 0)

Abstract
The function from a string a1a2 · · · an of n words/tokens ai to probability

P (a1a2 · · · an) =
n−1Y

i=0

P (ai+1|qi) where qi = a1a2 · · · ai (1)

is at its maximum when Shannon surprisal

− logP (a1a2 · · · an) =
n−1X

i=0

ci where ci = − logP (ai+1|qi) (2)

is at its minimum, with arc costs ci adding up along a path

q0
a1→ q1

a2→ q2 · · ·
an→ qn. (3)

The assumption qi = a1a2 · · · ai is relaxed below, and strings s other than a1a2 · · · an are associated with paths
(3) that s might record only sporadically and imperfectly. The strings s are

(1) compared to state sequences q(t1)q(t2) · · ·q(tn) used to approximate the action integral
R t̂
0 L(q(t), q̇(t)) dt

in discrete mechanics (Marsden & West 2001),

(2) shaped by a signature Σ capturing Kleene’s finite-state representation of McCulloch Pitts nerve nets,

(3) collected in a set Mod(Σ) by a contravariant functor Mod from a partial order on signatures Σ, paired with
a functor Sen mapping Σ covariantly to a set Sen(Σ) of Σ-sentences φ that s may (or may not) satisfy under
a logical system called an institution (Goguen & Burstall 1992), and

(4) compressed by a function κ reducing timeΣ to changeΣ so that refinements of Σ may lengthen strings,
leading to further pattern deformations (Mumford 1994).

The claim is that a nascent notion of state in (1) can be refined to understand inference (not to mention
pre-training or fine-tuning) in large language models as a min-cost search over paths deformed and
observed partially as strings s, on which finite-state constraints (hard and soft) are imposed below.

Step 1: ai as a fragment of q(ti) in S(q)
From Marsden & West 2001

S(q) = lim
n→∞

n−1X

i=0

Ln,i(q) reducing q to q(t0)q(t1) · · ·q(tn)

Ln,i(q) = h · L(q(ti) + q(ti+1)

2
,
q(ti+1)− q(ti)

h
) where h =

t̂

n
and ti = ih (4)

related to (2) as follows

S(q) ≈ − logP (a1a2 · · · an) LHS of (2)
Ln,i(q) ≈ − logP (ai+1|qi) from RHS of (2)

= Ki − Vi where Ki = − logP (qiai+1) and Vi = − logP (qi)

for ‘kinetic minus potential energy’ Lagrangian L(q, q̇) = K(q̇)− V (q).

But why replace Lagrangians L by probabilities P? Uncertainty from partiality.

Figure 1: From Wikipedia

David Mumford defines Pattern Theory as

the analysis of the patterns generated by the world in any
modality, with all their naturally occurring complexity and am-
biguity, with the goal of reconstructing the processes, objects
and events that produced them [1994, page 187]

where

the pattern should not merely describe the ‘pure’ situation that
underlies reality but the ‘deformed’ situation that is actually
observed in which the pure pattern may be hard to recognize.

[2019, page 203]

A PROPOSAL: reconstruct processes, objects and events in paths (3) from some given initial state q0 without
assuming qi = a1 · · · ai and with cost equal to

− logP (a1q1a2 · · · anqn|q0) =
n−1X

i=0

− logP (ai+1qi+1|q0a1q1a2 · · · qi)

=

n−1X

i=0

− logP (ai+1qi+1|qi) for many notions of →

where in place of a Lagrangian, we have probabilities

observant Agent

deformed Language pure Physics

Figure 2: Triangle of Meaning

P (aiqi|qi−1) = P (ai|qi−1)P (qi|qi−1ai)

that may arise, for example, from agent policies P (ai|qi−1) as well as
state transitions P (qi|qi−1ai).

The world of the Lagrangian is just one corner in Ogden & Richards’s
Triangle of Meaning; another corner is language, which is linked to the
world/physics by a third, agent/mind, observing both corners.

Without an agent, the language-world connection breaks. For exam-
ple, Reichenbach’s account of tense and aspect depends on a reference
time R mediating between speech time S and event time E.

Meaning is built below around strings s that need not fully record each
qi or ai from a path (3), strung out in pairs (q0, a1)(q1, a2) · · · (qn, ∅).

Step 2: Bounded granularities from finite-state nerve nets

Figure 3: Regular expressions for
nerve nets (Kleene 1951/1956)

The alphabet of strings below is derived from a Kleene nerve net spec
(k,m, s1 · · · sm) describing

�
k input cells encoding 2k labels ai
m inner cells encoding

Qm
i=1 si states q

which we augment over the set R of reals to a sig Σ = (Q,A) consist-
ing of a set A of k acts and a function Q = {(xi, Q(xi)) | 1 ≤ i ≤ m}
from m variables xi to

sets Q(xi) of si pairwise disjoint non-empty subsets of R (5)

relative to which

◦ a Q-state is defined to be a function q = {(xi, q(xi)) | 1 ≤ i ≤ m}
choosing q(xi) ∈ Q(xi),

◦ a (Q,A)-box is a pair (q, a) of a Q-state q and a set a ⊆ A of acts,

◦ B(Σ) is the set of Σ-boxes, used below as the alphabet for strings s.

The requirement (5) on Q means we can approximate real numbers
only to finite precision; e.g., for every integer j > 0 and x ∈ dom(Q),
we can let Q(x) partition R into 2j2 + 2 intervals

(−∞,−j), [j,+∞), [−j+
i

j
, −j+

i + 1

j
) for i = 0, 1, . . . , 2j2−1

approximating reals in [−j, j) to precision 1/j (cf. blur, Mumford 1994).

Step 3: Refinements within an institution
A sig Σ = (Q,A) is refined by Σ′ = (Q′, A′) as follows

Q ≤ Q′ ⇐⇒ dom(Q) ⊆ dom(Q′) and (∀x ∈ dom(Q))(∀v′ ∈ Q′(x))(∃v ∈ Q(x)) v′ ⊆ v

Σ ⊑ Σ′ ⇐⇒ Q ≤ Q′ and A ⊆ A′

and whenever Σ ⊑ Σ′, we define

◦ the Q-reduct of a Q′-state q′, written q′Q, to be the Q-state mapping x ∈ dom(Q) to the unique v ∈ Q(x)

such that q′(x) ⊆ v,

◦ the Σ-reduct of a Σ′-box (q′, a′) to be the Σ-box (q′Q, a′ ∩ A), and

◦ the Σ-reduct of a string s′ = α′1 · · ·α′n of Σ′-boxes α′i to be the string ρΣ(s) = α1 · · ·αn of Σ-boxes αi equal
to the Σ-reduct of α′i for 1 ≤ i ≤ n.

The map Σ 7→ B(Σ) is a contravariant functor B from ⊑ on sigs if whenever Σ ⊑ Σ′,

B(Σ′,Σ) maps a Σ′-box to its Σ-reduct.

Similarly, Σ 7→ B(Σ)∗ is a contravariant functor Mod from ⊑ if whenever Σ ⊑ Σ′,

Mod(Σ′,Σ) maps s′ ∈ Mod(Σ′) to its Σ-reduct ρΣ(s′).

For every sig Σ, let Sen(Σ) be a set Σ-sentences φ denoting regular languages [[φ]] ⊆ B(Σ)∗ (e.g., regular
expressions, finite automata, MSO-sentences).

Sen is a covariant functor from ⊑ if for Σ ⊑ Σ′, Sen(Σ,Σ′) maps φ ∈ Sen(Σ) to Sen(Σ,Σ′)(φ) such that

[[Sen(Σ,Σ′)(φ)]] = {s′ ∈ Mod(Σ′) | ρΣ(s′) ∈ [[φ]]} (6)

establishing the Satisfaction condition on institutions (Goguen & Burstall 1992).

Step 4: Compression and other deformations
For refinements (inverting reducts) to lengthen strings (cf. time step h in (4)), recall that a string s is a factor of
a string s′ if s′ = usv for some strings u and v. Strings in B(Σ)∗ are compressed by a function κ that eliminates
factors of the form (∅, ∅) or (q, ∅)(q, a) by mapping the null string to itself, and for α ∈ B(Σ), s ∈ Mod(Σ),

κ(αs) :=

�
κ(s) if α = (q, ∅) where q = ∅ or for some a, (q, a) is the first symbol of s
ακ(s) otherwise.

N.B. κ(κ(s)) = κ(s) and for any finite set A, some finite-state transducer computes κ restricted to A∗.

Fernando 2023 puts

Modκ(Σ) := {κ(s) | s ∈ Mod(Σ)} no factors (∅, ∅) or (q, ∅)(q, a)
Modκ(Σ′,Σ)(s′) := κ(ρΣ(s

′)) κ-compress reducts
(cf. domain warping in Mumford 1994 and

it from bit (Wheeler 1990), complicating amalgamation)
Senκ(Σ) := Sen(Σ)
Senκ(Σ,Σ′)(φ) := ⟨Σ⟩φ where

[[⟨Σ⟩φ]] = {s′ ∈ Modκ(Σ′) | κ(ρΣ(s′)) ∈ [[φ]]} injecting κ into (6).

Given φi ∈ Sen(Σi) and Σi ⊑ Σ for i ∈ {1, 2},

[[⟨Σ1⟩φ1 ∧ ⟨Σ2⟩φ2]] = {s ∈ Mod(Σ) | κ(ρΣ1
(s)) ∈ [[φ1]] and κ(ρΣ2

(s)) ∈ [[φ2]]}
(cf. multi-scale superposition in Mumford 1994)

applying finite-state methods, supported by theorem provers such as Mona, modulo the reals R and proba-
bilities (with noise, the paradigmatic deformation).


