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Worksheet 3: Behavioural equivalences- part 1

(1) Are the two following machines trace equivalent?

s0

coin
coin

coffee

tea

t0

coin
coin

coffee

tea

tea

In other words isTraces(s0) = Traces(t0) ?
The definition ofTraces( ) is given on page 34 of the textbook.

Answer:
Recall that these two machines cropped up when doing worksheet1. They are
NOT trace equivalent.to can do the trace coin.coin.tea whileso can not do
this trace.

Are s0 andto strongly bisimilar? That is does there exist a stong bisimulation
containing the pair?

�

(2) Consider the following transition system:

s0

s1 s2

s3 s4

a

a

a
a b

a

a

t0 t3 t4

t1

t2

a

a a

a

ba

a

Show thats0 ∼ to by finding a strong bisimulationR which contains the pair
(so, to).

Answers



Reactive Systems Hilary term 2010

Answer:
I claim that the relation

R = {(s0, to), (s1, t1), (s3, t2), (s4, t2), (s2, t3), (s4, t4)}

is a strong bisimulation. Two questions arise:

• How do I know?

• How did I come up with it?

I will only consider the first question. I know because I can examine each pair
in the relation in turn, and check that all actions from the paired states can be
properly matched.

• Consider the pair(so, to) ∈ R:

– Transitions froms0:

∗ If so
a−→ s1 match byt0

a−→ t1 and(s1, t1) ∈ R

∗ If so
a−→ s2 match byt0

a−→ t3 and(s2, t3) ∈ R

∗ These are all the transitions froms0.

– Transitions fromt0:

∗ If to
a−→ t1 match bys0

a−→ s1 and(s1, t1) ∈ R

∗ If to
a−→ t3 match bys0

a−→ s2 and(s2, t3) ∈ R

∗ These are all the transitions fromt0.

• Consider the pair(s1, t1) ∈ R:

– Transitions froms1:

∗ If s1
a−→ s3 match byt1

a−→ t2 and(s3, t2) ∈ R

∗ If s1
b−→ s4 match byt1

b−→ t2 and(s4, t2) ∈ R

∗ These are all the transitions froms1.

– Transitions fromt1:

∗ If t1
a−→ t2 match bys1

a−→ s3 and(s3, t2) ∈ R

∗ If t1
b−→ t2 match bys1

a−→ s4 and(s4, t2) ∈ R

∗ These are all the transitions fromt1.

• Consider the pair(s3, t2) ∈ R:

– Transitions froms3:

∗ If s3
a−→ s0 match byt2

a−→ t0 and(s0, t0) ∈ R
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∗ These are all the transitions froms3.

– Transitions fromt2:

∗ If t2
a−→ t0 match bys3

a−→ s0 and(s0, t0) ∈ R

∗ These are all the transitions fromt2.

• Consider the pair(s4, t2) ∈ R:

– Transitions froms4:

∗ If s4
a−→ s0 match byt2

a−→ t0 and(s0, t0) ∈ R

∗ These are all the transitions froms4.

– Transitions fromt2:

∗ If t2
a−→ t0 match bys4

a−→ s0 and(s0, t0) ∈ R

∗ These are all the transitions fromt2.

• Consider the pair(s2, t3) ∈ R:

– Transitions froms2:

∗ If s2

a−→ s4 match byt3
a−→ t4 and(s4, t3) ∈ R

∗ These are all the transitions froms2.

– Transitions fromt3:

∗ If t3
a−→ t4 match bys2

a−→ s4 and(s4, t3) ∈ R

∗ These are all the transitions fromt3.

• Finally consider the pair(s4, t4) ∈ R:

– Transitions froms4:

∗ If s4
a−→ s0 match byt4

a−→ t0 and(s0, t0) ∈ R

∗ These are all the transitions froms4.

– Transitions fromt4:

∗ If t4
a−→ to match bys4

a−→ s0 and(so, to) ∈ R

∗ These are all the transitions froms2.

�

(3) Show thatP andQ are strongly bisimilar, where these processes are defined
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as follows:

P
def
= a.P1 Q

def
= a.Q1

P1

def
= b.P + c.P Q1

def
= b.Q2 + c.Q

Q2

def
= a.Q3

Q3

def
= b.Q + c.Q2

To answer this you must construct a bisimulation containingthe pair(P, Q).

Answer:
Here I claim that the relation

R = {(P, Q), (P1, Q1), (P, Q2), (P1, Q3)}

is a strong bisimulation. This time I will leave you to check that this is indeed
the case, by examining each pair in turn. Instead I will explain how I came up
with this relation.

We want a strong bisimulationR which contains the pair(P, Q). What else
must it contain?

SinceP a−→ P1 , R must also contain a pair(P1, X) for someX such that
Q a−→X. The only possibility isQ a−→Q1. So now we knowR has to be like:

R ={(P, Q), (P1, X), . . .}

We also have to check that all actions fromQ can be matched byP , which
is indeed the case, since the only move fromQ is Q a−→ Q1. So we can
summarise the current state of play by saying

R ={(P, Q)
√

, (P1, Q1), . . .}

The
√

here means that we have checked all the requirements that(P, Q) being
in R entails. But now we need to follow up the new requirements that follow
from the fact that(P1, Q1) needs also to be inR.

First look atP1. This has to moves,P1
b−→ P andP1

c−→ P . SoR needs to
contain some pairs(P1, X) and (P1, Y ) for some processesX, Y such that
Q1

b−→ X andQ1

c−→ Y . In each case there is only one possibility;X must
beQ2 andY must beQ. Since(P, Q) is already inR, it must now look like

R ={(P, Q)
√

, (P1, Q1), (P, Q2), . . .} (1)
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And we are still not finished with the requirements entailed by (P1, Q1) being
in R; we must check that all the moves fromQ1 must be matched. There are
two, and it turns out that the requirements are already covered by (2) above.
So we have now reached

R ={(P, Q)
√

, (P1, Q1)
√

, (P, Q2), . . .} (2)

This contains new requirements. What mustR look like if it is to contain
(P, Q2)? Let us first look at the possible moves fromP . There is only one,
P a−→ P1, which must be match by a move fromQ2. The only possibility is
Q2

a−→ Q3. So now we know

R ={(P, Q)
√

, (P1, Q1)
√

, (P, Q2), (P1, Q3) . . .} (3)

and we are still checking the consequences ofR having to contain(P, Q2).
We also have to follow us the possible moves fromQ2; there is only one, and
the consequences are already covered in (3). So we have reached the stage

R ={(P, Q)
√

, (P1, Q1)
√

, (P, Q2)
√

, (P1, Q3) . . .} (4)

We are not finished yet. What are the consequences of having tohave(P1, Q3)?
We have to check that all the moves fromP1 andQ3 are properly matched.
Lets look first at the moves fromP1; there are two,P1

b−→ P andP1

c−→ P .
These in turn require that the pairs(P, Q) and (P, Q2) are in R; but note
that these requirements are already fulfilled. Now the movesfrom Q3; again
there are two, but again they introduce no new requirements.So we have the
situation

R ={(P, Q)
√

, (P1, Q1)
√

, (P, Q2)
√

, (P1, Q3)
√

. . .}

where all the pairs are ticked off. So at this stage we know

R ={(P, Q), (P1, Q1), (P, Q2), (P1, Q3)}

is indeed a strong bisimulation. �

(4) Consider the processes

P
def
= a.(b.0 + c.0)

Q
def
= a.b.0 + a.c.0
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Are they strongly bisimilar? If, so exhibit the strong bisimulation containing
the pair(P, Q). If not explain why.

Answer:
P andQ are not strongly bisimilar. To convince you of this I have to convince
you that no strong bisimulation can contain the pair(P, Q). Before doing so
let me try to convince you of two other things.

Let P1 denote(b.0 + c.0), andQ1

1
, Q2

1
denoteb.0 andc.0 respectively.

P1 is not strongly bisimilar toQ1

1
(5)

There can be not strong bisimilar containing(P1, Q
1

1
). Why is this? WellP1

can do anc action, whichQ1

1
can not match. Similarly

P1 is not strongly bisimilar toQ2

1
(6)

becauseP1 can do ab action, which can not be matched byQ2

1
.

Now suppose there were a bisimulationR containing the pair(P, Q). Since
P a−→ P1 there must be an actionQ a−→ X such thatR contains the pair
(P1, X). Now by (5)X can not beQ1

1
, and by (6) it also can not beQ2

1
. But

these are the only two possibilities, and thereforeR can not exist.

There is another form of argument based on the ideas in Section 3.5 of the
textbook. The attacker has a winning strategy on the game based on the pair
(P, Q). The attacker chooses the actionP a−→ P1. The defender has only
two repsonses. If he picks the responseQ a−→ Q1

1
then the attacker chooses

P1

c−→ 0, to which the defender has no response. On the other hand of the
defender, in response toP a−→P1, the defender choosesQ a−→Q2

1
the attacker

choosesP1
b−→ 0, to which once more the defender has no response.

�
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(5) Consider the following transition system:

s

s1

s2

a

b

a

b

t

t1

t2

a

b

ab

u

u1 u2

u3

a

b
b

a

b

a

v

v1 v2

v3

a

b

b

b

a

b

Decide which of the following statements are true:

• s ∼ t

• s ∼ u

• s ∼ v

You should justify your claim with an appropriate argument.

Answer:
It turns out thats 6∼ t, s ∼ u ands 6∼ v.

Let us look at the claim thats 6∼ t. We give a winning strategy for theattacker
against thedefender. This is as follows:

• In configuration(s, t), attacker choosess and makes the moves
a−→ s1.

– defender’s only possible response is to chooset and make the move
t

a−→ t1. The current configuration is now(s1, t1)

• In configuration(s1, t1), attacker choosest1 and makes the movet1
b−→

t2.

– Thedefender’s only possible response is to make the moves1

a−→
s2 making the current configuration(s2, t2).

• In configuration(s2, t2) theattacker choosess2 and the moves2

b−→ s2;
the defender has no response.
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Now let us look at the claim thats ∼ u. One proof is to exhibit a strong
bisimulation. I claim that the following satisfies the required properties

R = {(s, u), (s1, u1), (s2, u2), (s2, u3)}

although it takes a fair amount of checking.

An alternative proof involves giving a winning strategy forthedefender against
theattacker. This goes as follows:

• Starting in(s, u), attacker has two possible moves. Either (a)s
a−→ s1

or (b)u
a−→ u1.

– If attacker chooses (a), thendefender takes the moveu
a−→ u1, and

the current configuration becomes(s1, u1).

– If attacker chooses (b), thendefender takes the moves
a−→ s1, and

the current configuration again becomes(s1, u1).

• In configuration(s1, u1), attacker can choose either (a)s1

b−→ s2, or (b)

u1

b−→ u3.

– If attacker chooses (a), thendefender takes the moveu1

b−→ u3,
and the current configuration becomes(s2, u3).

– If attacker chooses (b), thendefender takes the moves1

b−→ s2,
and the current configuration again becomes(s2, u3).

• In configuration(s2, u3), attacker can choose either (a)s2

b−→ s2 or (b)

s2

a−→ s or (c)u3

a−→ u or (d)u3

b−→ u2.

– If attacker chooses (a), thendefender takes the moveu3

b−→ u2 and
the current configuration becomes(s2, u2).

– If attacker chooses (b), thendefender takes the moveu3

a−→ u and
the current configuration becomes(s, u) which is exactly the start
configuration.

– If attacker chooses (c), thendefender takes the moves2

a−→ s and
the current configuration becomes(s, u) which is the start configu-
ration.

– If attacker chooses (d), thendefender takes the moves2

b−→ s2

and the current configuration becomes(s2, u2) as when the attacker
played (a). Hence from now we only need to consider games form
the state(s2, u2).
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Now we can argue thatdefender has a winning strategy. From(s2, u2),
defender’s response to any move fromattacker will be to take the same
transition. This means that the next configuration is either(s2, u2) or
(s, u). The game will be infinite, and hencedefender is the winner.

Finally to shows 6∼ v we give a universal winning strategy for theattacker:

• In configuration(s, v), attacker makes the moves
a−→ s1.

– Now defender must make the movev
a−→ v1 and the current con-

figuration becomes(s1, v1).

• In configuration(s1, v1), attacker choosesv1

b−→ v2.

– defender must make the moves1

b−→ s2. The current configuration
is (s2, v2).

Now attacker wins since from(s2, v2) he can choose to make the move

s2

b−→ s2. Since there are nob-transitions fromv2, defender loses.

�
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