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A Process Algebra for Timed Systems*

MATTHEW HENNESSY AND TiM REGAN
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A standard process algebra is extended by a new action o which is
meant to denote idling until the next clock cycle. A semantic theory
based on testing is developed for the new language. This is charac-
terised in terms of barbs, a variety of ready traces and also characterised
as the initial theory generated by a set of equations. ¢ 1995 Academic

Press, Inc.

1. INTRODUCTION

Process algebras are structured high-level description
languages for concurrent systems [ Mil89, Hoa85, BW90a ].
They consist of a small number of constructors or com-
binators for building processes together with a facility for
recursive definitions. They have a range of well-developed
semantic theories and related proof systems associated with
them and they have been shown to be reasonably succesful
for both the specification and verification of concurrent
systems, [BW90b]. Intuitively they view processes as
objects which are capable of performing “abstract actions”
which are usually interpreted as the input and output of
values or signals along communication channels. These
capabilities are expressed in terms of “next-state relations,”
—, between processes; p —> q represents the fact that the
process p can perform the action a and thereby evolve into
the process ¢. This is a relatively abstract interpretation of
process. For instance, there is no mention of the length of
time the action «a takes, or when the action occurs or indeed
that it actually occurs at all; p — ¢ merely says that the
process p has the capability of performing the action a.
However, this abstract view turns out to be a major con-
tributing factor to the success of process algebras; it enables
one to describe systems at different levels of abstraction and
to relate these different descriptions via semantic equiv-
alences. For example one high-level description .S could be
viewed as a desired specification of a system and a lower-
level description [ a description of an actual implementa-
tion and proving S semantically equivalent to / amounts to
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showing that the implementation satisfies the required
specification.

Time is often an important aspect of the description of
many concurrent systems but it is not directly represented in
any of the standard process algebras such as CCS, CSP, and
ACP. The introduction of aspects of time into the setting of
process algebras has received much attention in recent
research and not surprisingly, considering the fact that time
is a complex subject, there have been many proposals
[BB91, DS89, NS94, MT90, Re88, Yu90]. This paper
presents another proposal. Our viewpoint may best be
explained by contrast with the approaches of say [ BB91,
Re88]. These papers suggest very descriptive languages
with which one may describe the minutiae of detailed timing
considerations in complex systems. Such languages are cer-
tainly required but there are certain applications, those in
which time plays a restricted role, for which these languages
may be inappropriate because the descriptions may be
unnecessarily complex. Qur proposal is quite modest: we
wish to make a relatively minor extension to a standard pro-
cess algebra with a mathematically simple notion of time
which, although not universally applicable, will be suf-
ficiently useful in particular application areas such as
protocol verification. Protocols are a typical example of
systems where timing considerations affect the behaviour of
only a small part of the overall system. Our language is
designed so that specification of the time-independent part
of the system may be carried out as usual while the time-
dependent part may be treated with our time-based exten-
sion. We hope that by introducing a simple notion of time
many of the characteristics of standard process algebras
which have been made them so successful will still be
retained in the enlarged setting. In particular we wish to
extend the semantic theory of processes based on testing,
[He88], to a setting where time plays a significant role.
From a methodological point of view it seems appropriate
to start with a language in which the concept of time is
rather simple.

The idea is to introduce into a standard process algebra,
CCS, a g action. The execution of this ¢ action by a process
indicates that it is idling or doing nothing until the next
clock cycle. This action will share many of the properties of
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the standard actions of CCS but because it represents the
passage of time it will be distinguished from the standard
actions by certain of its properties. For example, in our pro-
cess algebra this action will be deterministic in the sense that
a process can only reach at most one new state by per-
forming . This is a reflection of the assumption that the
passage of time is deterministic. There is also an intuitive
assumption underlying the usual (asynchronous) theories of
process algebras, such as CCS as expounded in [ Mil89]
and CSP as expounded in [ Hoa85 ], that all processes may
idle indefinitely and the semantic theory is formulated in
terms of the actions which a process may perform, if it so
wishes. Indeed, this view of processes is investigated in detail
in [ Mil83]. We continue to use this assumption; using the
syntax of CCS, the process a.p can idle, i.., it can perform
a o action. This means that we assume all processes are
patient in that they will wait indefinitely until communi-
cations in which they can participate become possible.
Moreover this means that the implicit assumption under-
lying CCS that all communication actions are instanteneous
is retained in our language since we have a distinguished
action g denoting the passage of time and, as we will see, all
other actions are performed in between occurrences of this
time action. However, we add one further assumption,
namely that communications must occur if they are
possible: a process cannot delay if it can perform a com-
munication. This we call the maximal progress assumption
[ HAR89] which is a common feature of many proposed
timed process algebras. So, again using the syntax of CCS,
although a.p + b.g canidle, (a.p + b.p)ld.q cannot idle; the
communication via the ¢ channel must occur. However we
are not simply giving a mild reinterpretation to CCS.
Because of the presence of o in the language we can express
processes whose behaviour is, at least to some extent, time-
dependent. The new action does not only indicate idleness
but also forced delay, o.a.p is a process which can do
nothing until the first clock cycle and from that moment on
it offers an a action.

Thus our approach to the introduction of time into
process algebras may be characterised by five intuitive
properties:

1. discrete time: in our language time proceeds in dis-
crete steps represented by occurrences of the action o,

2. time determinism: we assume that the passage of time
is deterministic,

3. actions are instantaneous: time is not associated
directly with communication actions but occurs inde-
pendently,

4. patience: processes will wait indefinitely until they can
communicate,

5. maximal progress. processes communicate as soon as
a possibility for communication arises.

Of course none of these assumptions are necessary in a
timed process algebra and in our comparison with related
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work we will discuss languages in which combinations of
these assumptions are dropped. However, we hope to con-
vince the reader that their adoption leads to a calculus
which

1. On the one hand is mathematically tractable; we
demonstrate this by extending the theory of testing from
[dNH84, He88] to this timed setting. This theory may be
characterised equationally in a manner which differs only
slightly from a standard theory of CCS [dNHS84];
moreover there is a close connection with the the theory of
refusals, [ Ph87].

2. On the other hand may be successfully applied to cer-
tain application areas; we demonstrate this by treating a
relatively simple example of a protocol in which time plays
a small but significant role. Further more substantial
examples may be found in [ Rea91].

As stated previously we do not expect our calculus to be
applicable to all manner of timed systems. But we believe it
is applicable; moreover it offers the advantage of relative
simplicity with a fully developed semantic theory and there-
fore we hope that it provides a sound basis on which to
develop more extensive theories of timed systems.

We end this introduction with an outline of the contents
of the remainder of the paper. In the next section we give the
syntax of our timed process algebra TPL, which stands for
Timed Process Language, together with an operational
semantics. Using this operational semantics we then define
an operational preorder on timed processes bases on the
must testing from [dNH84, He88]. This is a standard
application of the testing scenario from [ He88 ] but here the
tests may use the timing constructs from TPL and therefore
the power of testing is considerably increased. In the next
section, Section 3, we give an alternative characterization of
the testing preorder. For the untimed language this alter-
native characterization is given in terms of acceptances
[ He88] which are of the form sA; here s is a sequence of
actions a process can perform to a state in which one of the
actions from the finite set 4 can be performed. Because
timed tests are more powerful the alternative characterisa-
tion for TPL has to take into account more of the behaviour
of processes. It is expressed in terms of barbs [ Pn85, vG90],
which are sequences of the form s,4,s,---s,4,. Section 4
is devoted to an equational characterisation of the
behavioural preorder. This is in terms of a proof system
which consists of a set of equations, a slight weakening of
the equational theory of CCS from [ dNH84 ] together with
an infinitary rule for recursively defined processes, again as
used in [dNH84, He887 and a new rule for patient pro-
cesses. In the next section we develop a prototypical
example of where we believe our simple assumptions about
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time can be of use. It is straightforward protocol for trans-
ferring messages across a faulty medium. More extensive
examples can be found in [Rea%1]. In the final section we
describe some related work on timed process algebras. The
literature in this area of research is quite extensive and so we
confine our discussion to approaches which are quite
similar to ours.

2. SYNTAX AND BEHAVIOURAL SEMANTICS

In this section we present the process algebra TPL
(Temporal Process Language) formally and develop a
behavioural theory of these processes based on “must”
testing [ He88]. We define the language as closed terms
built from a set of constructors, give an operational seman-
tics for the language in terms of labelled transition systems
and finally define a behavioural preorder based on testing.

The abstract syntax of the language 1s given by the BNF
definition

ro=nil |2 x ot Lt () |a.t] 7.1

t+ el i S] 1 \a| recx.1,

where a ranges over Act, a set of actions not containing the
distinguished actions r and . The operator recx._ acts in
the usual way as a binder for variables and we are mainly
interested in closed terms which we call processes. We will
use meta-variables p, g, etc. to range over these processes, a,
b, ¢ to range over the set of actions Act and Greek letters «,
S {but not w or &) to range over Act,, the union of Act and
{7}. We will not often need to talk about a general action
from Acru {7} u{o} and so this will be explicitly stated
where necessary.

We give some intuition of these operators, discussing
each in turn.

e nil. This is the process which is terminated or
deadlocked; it can perform no actions from Act_ but as dis-
cussed in the introduction we design our language so that all
processes are patient and for this reason ni/ will allow the
passage of time, 1.e., it can idle indefinitely.

e . This process represents incomplete information
or divergence. This incomplete knowledge of a process is
catastrophic in that a process whose behaviour is not
completely determined will be equivalent to one whose
behaviour is completely unknown.

e a.. The process«.p can perform an action « and in so
doing evolve into the process p. As is usual in CCS style
languages there is an overbar or complementary function
Act — Act which is idempotent and is used to formalize syn-
chronisation. Again because we wish all our processes to be
patient a.p will be able to idle indefinitely until the a action
is requested by that environment.
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o 7.. This is the silent or internal action of our
language. Since we are imposing the assumption of maximal
progress the process 7.p will not be able to idle in any
environment. The t action represents some internal com-
munication or computation which requires nothing of the
environment. When it 1s possible 7 will preempt any passage
of time. An intuition for this is that if a process is offering an
action a which is requested by another process by the offer
of an action 4, we do not want unspecified delay to occur;
the communication, the r move, must fire immediately.

» o.. The passage of time is modelled in our system by
an occurance of a o action. As discussed in the introduction
this represents a relatively abstract notion of time but it can
be intuitively thought of as the click of a clock which
measures the passage of time for the system. We chose o as
the symbol to represent the passage of time because of its
similarity to the Phillips “broadcast stability operator” of
[ Ph87].

s +. Deterministic and nondeterministic  choice
between two processes is modelled in CCS by the operator
+. For actions a in Act and the action 7 the operator +
behaves in the same way as it does in the CCS setting. The
difference comes with the action a. If two processes are just
idling before the environment requests one of them the
choice between them will not be made by the passage of
time alone. That is to say, + is not decided by the action
o. This is necessary to ensure that the passage of time is
deterministic.

e | (). This operator comes from the process algebra
ATP put forward in [NS94]. It is similar to the context
—+0o.7._ but is properly decided by the passage of time in
favour of the right hand operand. This operator will be used
in the complete axiomatisation of the full calculus, although
it is also useful in many examples.

The parallel bar we use is the handshake and inter-
leaving of CCS. However, g again behaves differently. When
two processes traverse time their composition also does. This
is represented by o being a broadcast event over | and again
this is necessary if we wish to ensure that time is deterministic.

e\a. This is just the restriction operator of CCS. It is
quantified over Act but we often use the shorthand \4 to
mean \a,\a,\a;---\a,, where A={a,, a,, a;,..a,.
Although it has the same syntax as the CSP and LOTOS hid-
ing operators it has a very different operational meaning. For
us the context _\a forbids the action « and a.

o [S]. Thisis the relabelling operator from CCS. Here
S is function from Act to Act which is almost everywhere the
identity and which preserves the complement function. In
practice we assume that such functions are automatically
extended so that S(7) =t and S(g) = 0. Relabeling functions

.l
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enable the reuse of processes in situations demanding the
same functionality modulo action names.

From this informal description of the language we see that
CCS is a sub-language of TPL and therefore we say that a
process from TPL i1s a CCS process if it does not use the
timing constructs o and [ J( )-

The operational semantics of processes is given in two
parts. The first, in Fig. 1, defines the next state relations, -,
for each xe Act,. This is a slight generalisation of the
standard operational semantics for CCS and the new action
o plays no role. In Fig. 2 the relational <= is then defined
in terms of these relations. The first rule says that both a.p
and nil may delay. This is a perfectly reasonable assump-
tion; if @.p is an environment where no communication via
a 1s possible, then it should be allowed to delay until the
next time cycle. Similarly, nil may delay indefinitely as it can
never perform a communication. Note, however, that t.p
cannot delay; it must perform the internal move 7 before the
next time cycle. The third rule says that p + ¢ may delay if
both p and g may delay. Note that the passage of time, i.e.,
performing a ¢ action, does not decide between the choice
in p + ¢. The fourth rule says that p | ¢ may delay if both p
and ¢ may delay and no communication between p and ¢ is
possible. The other rules are straightforward; the final rule
represents the standard methods for handling restriction
and recursion while the rule for o.p is perfectly natural.

We now give some examples of processes which may help
to explain the influence of ¢ on the power of the language.
In these examples we use the informal notaton of recursive
definitions rather than recx._. We will also use the standard
conventions in writing CCS terms: occurrences of nil will
often be omitted, action prefixing will have higher
precedence than restriction and relabelling, both of which
will in turn be higher than | which will bind tighter than +.

ExampLE 2.1. A process that may accept a message and
transmit it back to the environment, retransmitting every

ACT, :

——
ap—+p
suMy: B2 F . sumy 10
prte—7p pre—4¢
p——p
THEN, . —2—"F
Tl =
coM, . L= com, 170
plg — Ple plg = pl¢
CoMy: 2T F a2
plg — p'l¢’
P2y p-=p, ag(bb}
REL, : ——sm—— RES,: F— P 27
RS VAT
REC, : t[rec.z‘.l/:r]o—«’ P
recy.l — pf
FIG. 1. Standard operational semantics.
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ACT, : —————— NIL: ———
a.p — a.p nil - nal
WAIT : ————
op — p

SUM, 2~ P, 4 72 4
ptq — p+g

. P

THEN,: ——F———

i) > g

com,: P bl % B ’q’,'rlqu'
rle — Ple

g oy

P
REL,. — PP __
PRl = 8]

P
RES,. — P~ P
PP\e = pla

REC, : tlrecz.t/z) <> p

o ’
reczt — p

FIG. 2. Operational semantics for o.

one time unit until an acknowledgement is received could be
written:

Pl
P' <= ack.P+ o .message,,,. P

out- 4 -

P <= message;,,.message

out*

ExampLE 2.2. The process Egg, is defined so that the
egg may be unhealthy (and may not) if left too long before
eating:

Egg, <eat.healthy .nil + o.0 .eat .unhealthy .nil.

The process Egg, 1s defined so that the egg will be unhealthy
if left too long before eating:

Egg, <\ eat.healthy .nil |
(Leat.healthy .nil J(eat .unhealthy .nil)).

EXAMPLE 2.3.
as

A “leaking counter” is defined informally

Co<=press.up.C,

C,, <=press.up.C, . ,+a.down.C,.

It can perform an up action each time it is pressed but if no
press is forthcoming before the next clock cycle it can per-
form a down action. So, for example, (C, | press*)\press
acts like the process up" (o.down)k.

Some of the informal assumptions underlying the design
of the language which we discussed in the introduction can
now be seen to be reflected in the operational semantics.
This is the import of the following proposition:

ProposiTION 2.4. 1. (Time-determinism) if p— q and
p - ¢ then q and q' are syntactically the same.

2. (Maximal progress) if p—— q then p—=>r for no
process r.
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Proof. By induction on the length of the proof of
p—= q, p— g respectively. |

The informal assumption of patience is not as straight-
forward to capture. Intuitively this should state that if a
process p cannot perform a 7 action then it must be able to
delay, i.e., perform a ¢ action. But because of the presence
of recursive definitions the situation is more complicated.
For example, the processes recx.x and Q can perform no
action whatsoever, Intuitively these terms represent under-
defined or “badly defined processes” and therefore they
require special attention. Terms which intuitively represent
well-defined processes are captured in the following
definition:

DerFNiTION 2.5 (Strong Convergence). Let | be the
least (postfix) predicate over TPL which satisfies

(1)

(1)

(1i)

nill,a.pl,o.pl
plimplies (Lp l(gN) !, (p | @)l p\al, p[S],

pl.ql, implies (p+¢g) |,

(iv) t{recx.t/x] ] imphes recx.t}.

We write p1 to denote the negation of | and one can
check that, for example, 271 and recx.x?. With this new
notation we can now see how patience is reflected in our
operational semantics.

ProposiTION 2.6 (Patience). If p| and p— g for no
process q then there exists a process r such that p 5 r.

Proof. By induction on the proof thatp|. 1

We now turn our attention to the definition of a
behavioural preorder between processes. We follow the
approach of [ He88 ], which is based on testing, and for con-
venience we only consider the “must” case. However,
because TPL is an extension of CCS, the definitions we
employ will be based on those from [dNH84], where the
predicate | plays a necessary role. A test ¢ is a process from
TPL which may additionally use the special action w for
reporting success. A test e is applied to a process p by
“running” the process e | p, ie., allowing it to evolve via 7
actions or o actions. Specifically, a computation from e | p is
a maximal sequence (which may be finite or infinite) of the
form

elp=eq|porre |pir— -
e, | pi— - (where s =—> U—").
To say when such an application is a success we need the

notion of strong convergence defined above.
We say p must e if in every computation from e | p,

elp=ey|pot= - e | pirr -,

225

there exists some n = 0 that e, =, i.¢., ¢, can report success,
and for every k, 0 <k <ne, | p,|. Finally, we say that

Py

if for every test e, p must e implies g must e. We use ~ to
denote the kernel of this preorder.

The definition of T is close to that employed in [ dNH84]
and, therefore, if we restrict both the processes and the tests
to CCS the resulting theory is exactly that developed in
[dNH84]. However, here we allow occurrences of & in the
tests and these new tests, even when applied to CCS terms,
i.e., terms not involving the timing constructs ¢ and | J( ),
have more distinguishing power than standard CCS tests.
An interesting difference in the power ¢ vests in testing
languages can be found in [ La89]:

ExampLe 2.7. This example concerns two vending
machines (shown diagrammatically in Fig. 3, where o
actions are ignored) with slightly different internal
behaviour,

coin.(tea + hit.tea) + coin.(coffee + hit. coffee)
and
coin.(tea + hit . coffee) + coin.{coffee + hit .1ea).

These are equivalent in the standard theory but they can
be distinguished by the temporal test coin.(fea.w+
o.hit . tea.w), a test which says that if you cannot do a tea
action immediately after doing a coin action then you will be

able to do so after performing a At action.

This kind of testing of CCS processes has already been
introduced in [Ph87, Ph88] and for LOTOS in [La89].
Indeed, as mentioned, we have borrowed the notation used
by Phillips for his stability operator in [ Ph88 ] for our new
delay action, although there is a significant difference: his
delay operator decides + whereas ours does not. It should
be emphasized that both authors introduce these operators

tea

hit

coflee

FIG. 3. Langerak’s vending machines.
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into the test language only and not into the process
language.

The preorder T is not a congruence with respect to the
operators + and | J( ). For + the example is the usual one:
a.nil T r.a.nil but b.onil+a.nil € b.nil+t.a.nil is not
true. One can also check that | t.a (b)) ~t.a but La {(b) is
obviously equivalent to 7.a. However, as we will see, the
standard approach to generating a precongruence from <
will also work for our language: let p = ¢ if for some «@ not
occurring in p and g a.nil+p = a.nil+4q. In the next
section we will prove that p =% ¢ is the largest preorder
contained in = which is preserved by all the operators of the
language, nil, ., +,L J( ), |, \a, and [S].

So now we have a fully fledged process language endowed
with a behavioural preorder. In the next section we present
an alternative characterisation in terms of barbs [ Pn85].

3. ALTERNATIVE CHARACTERISATION

In this section we look at an alternative characterisation
of &= over TPL. The corresponding alternative characterisa-
tion for the untimed language in [He88] 1s in terms of
“acceptances” of the form sA4 where s is a sequence of actions
a process can perform to arrive at a state and A 1s the set of
next possible actions which can be performed from that
state. However, because of the presence of the timing con-
structs In the tests for TPL, the characterisation now needs
to be more complicated. The necessary behavioural infor-
mation can be encoded in a manner similar to the barbs of
[Pn85] which are closely related to the failure traces of
[vG90]. However, because of the presence of o in processes
and the treatment of divergence, care must be taken in the
definition of barbs and how they are associated with
processes.

DerINITION 3.1 (Barbs). Let the set of barbs be the least

set satisfying:

1. Qisabarb

2. if A is a finite subset of Act then A is a barb

3. ifbisabarband ae Actu {o} then ab is a barb

4. if bis a barb and 4 is a finite subset of Act then A4b
is a barb.

Thus a barb may be viewed as a sequence of the form
S1A, 8,45 --5, A,
or
$1A18,A455,.8
with | <k, where s;e (Actuo)* and each A4, is a finite

subset of Act. These barbs may be compared using the
following order:
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DEeFNITION 3.2
which satisfies
1. Q<b.
2. A< Bimplies A € B.
3. b<b implies ab <ab’.
4. b<b and A=A imply Ab<A'D.

< 1s the least preorder over barbs

This ordering is lifted to sets of barbs by defining
A<B<YbeB lacAd.a<h.

In order to associate barbs with processes we have to
introduce some notation. First the relations —£ are
extended to —, for s€ (Act U {o, 7} )*, in the obvious way.
Also, =, A€ Actu {o}, is used to denote —&»* -4 ¥
and this is also extended to ==, se(A4ctu {a})*, in the
natural way. Let

S(py={a:p-5,ae Act)

Sort(py={a:p ép’ ~5,se(Actu {c})*, ae Act}.

We next generalise the strong convergence predicate | to
take internal actions into account: Let | be the least
predicate on TPL which satisfies

pland Vp' .(p—5 p'==>p' | )imply p .

We use p | to denote the negation of p {t. Finally we say p
is stable if p | and p +>, i.e., for no p’ is p —— p’. Sometimes
we will just want to say p cannot perform a t move, in which
case we will call p r-stable. So, for example, a.p is both
stable and t-stable, while a.p + € is just 7-stable.

Now consider a barb of the form

s1 A5, A, -8, B,

where B is either @ or another finite subset of 4ct. This barb
can be generated by the process p if there exists a derivation
of stable processes p,, p2, .., Ps>

Sk
:=>pk

p=>p =>p,-
with 4,=S(p,}for 1 i<k —1,and if Bis £ then p, f and
otherwise p, is also stable with B= S(p, ). Let Barbs(p) be
the set of barbs generated by the process p.

DEerintTION 3.3,
Barb( p) < Barb(q).

For TPL processes p and g let p <" g ift

The r superscript in this definition stands for regular
since, although this ordering serves as an alternative charac-
terisation for CCS (as the next theorem states), it is inade-
quate for TPL. We will need to restrict our attention to a
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specialisation of barbs to obtain an alternative characterisa-
tion of TPL. The reason for this is that any stable CCS pro-
cess may perform a ¢ action to itself whereas this is not true
in TPL (e.g.. La.nil_{{(b.nil}). It is also worth pointing out
that this definition differs from that in [ HR90]. There the
definition of <’ is defined in terms of the preorder < and
convergence of processes over barbs, a concept we have not
defined. We prefer here to define <" in terms of the sets of
barbs alone. This substantially reduces the amount of work
involved in checking the equivalence of processes in the next
section’s soundness proof.

TueoREM 3.4 (Alternative Characterisation for CCS).
Forp,qin CCS, p = g ifand only if p<'q.

[t is worth pointing out that this theorem is not true if we
restrict Barb(p) to simple barbs, ie., those where each
sequence s, is of length at most one. For example, let p
denote the process d.(a.nil + c.nil | ¢.nil)\c. Then both p
and d.nil have exactly the same simple barbs, namely
prefixes of e{d} d. However, they can be distinguished by
the test d.(a.nil + aw).

The theorem is also not true for the entire language TPL,
as barbs are too discriminating. For example,

t.(b.nil+o.a.nily+v.(a.nil + c.nil) €" a.nil+ b .nil,

because the barb {a. b} a distinguishes them although (as
we will soon be able to verify) they are related via .

To characterise = over TPL we need to restrict ourselves
to standard barbs, i.e., barbs of the form

514,05, 4,054 -5, Ay
or

$1 4,05, 4508458,

where each s, is now a member of the set Act*, ie, they do
not contain occurrences of a.

Let SBarb( p) be the standard barbs associated with the
process p and (by overloading notation) < the modification
to <" which restricts attention to standard barbs. We may
now stake the main result of this section:

THEOREM 3.5 (Alternative Characterisation for TPL).
Forp,qin TPL,p & g if and only if p < q.

The remainder of this section is devoted to proving this
characterisation of = over TPL. The proof of the corre-
sponding characterisation for CCS, Theorem 3.4, is omitted
as it is very similar.

ProPOSITION 3.6. For p, qin TPL, p <q implies a = q.

Proof. Let us assume that p < ¢ and p must ¢. We prove
that ¢ must e by examining an arbitrary computation from

el q
C=elg=eslgore g e g - (1)

Each move > may be either -5 or —; let us concentrate
on the former. Then (1) may be rewritten in the form

Cz=elq=eylqo—*fi |1

R T AL T R R (2)
where each f, | r; corresponds to some ¢, | g,, j>1. Note
that this sequence of f; | r;s may be finite even if the original
sequence is Infinite. Now this computation may be
“unzipped” to reveal the contributions from the test and
process:

5y a 52 s
o =>F) —> = r,—> .-
(3)

ey = fi D> = fy—Ts .

For the moment let us assume that each e, in the
computation is strongly convergent. This allows us to
concentrate on the derivation from ¢,. It gives rise to the
sequence of barbs from SBarb(q):

1 i818(ry)
50 8, 8(r)) 05, 5(r,)

o> o~

I

by 5, 8(ry) a5, 8(ry) o555, 5(r))

ni

This sequence may terminate with a barb =s,8(r))
05,S(r,) 0s4--- 5,0 or it may well be infinite. Note that it
cannot terminate with a barb b,,=s,5(r,) 65, 8(r;) o535 - - -
$,,8(r,,), since this would imply that both the experiment
and the g are in a stable position with no communication
possible and that g is in a convergent state. But this would
imply that the computation may proceed via a ¢ move.

Now suppose that for some # = 0 .S Barb( p) contains a
barb a,=s,8| 05,8055 5,02, with n <m and s, a prefix
of s,. which satisfies a,<b,. Then this would lead to a
derivation from p of the form

_ .\‘] o &2 RV
P=py =& = 8n»
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where S(g,)=S, for i<n and g,1. This could be zipped
together with the derivation from e in (3} to obtain a com-
putation from e|p, which only uses the test states
€0, €1, €2, eey

elpre|pi— - Hellpl=e/|gn“‘r"€1,gn+1—r"”'»
which will either be infinite or terminate at some ¢,| g, ;
with g, ;T depending on why g, .

Since p must e it follows that for some e,, e, —». Therefore
the original computation (1) is succesful. We know that the
zipping together of these derivations works because in each
state where the — move is the result of a ¢ action the
relevant S is contained in S,.

So we may assume that SBarb(p) does not contain any
such open barbs. It follows that the original computation
(1) and the sequence of barbs b,, b, -- - are infinite; a maxi-
mal barb 4,, would be open#ana_ since p <gq, S Barb(p)
would have to contain an g such that @ < 5, and necessarily
a would be open.

So let us consider the infinite sequence of barbs b,, b,, ...
For each b, we can obtain a barb of p of the form a a,=
5,805,805 5,5, with s/ < S(r,) for each 1 <i < k. This
gives us the derivation from p

(/.)

. o o 52 Sk
p_po =>g‘-—) == :gk’

where S(g,) =S, for 1 <i<k. From this we wish to deduce
the existence of an infinite derivation from p
3} T 82 a Sk

P=po=>8 > = =g (4)
However, this requires the assumption that the transition
system generated by p, based on the “weak moves”
finite branching. For if it were not, p might have a branch to
match each of these barbs while having no infinite branch
to match them all. To prove this assumption true we can
show that, in the terminology of [Ab91], it is weakly
finite branching*that is, for each ¢ accessible from

p{p :3u.q— p'} is finite—and also that {p’': g —>p'} is

finite. The proof depends on the fact that ¢ | for each such
g and is very similar to the corresponding proof in
[dNHS84] and is therefore omitted.

The derivation (4) can be combined with the computa-
tion from e in (3) to obtain an infinite computation from
e | p which only uses the test states eq, ¢;, .... Again, using p
must e, we can conclude that the original computation (1) is
successful.

This leaves the case when some ¢, T, which we leave to the
reader. It is sufficient to consider the barb from S Barb(q)
which characterises the contribution of ¢ up to the
appearance of ¢, and use the corresponding barb from p to
obtain some e, with k <nand e, ~>. |

PR
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We prove the converse by showing that in some sense the
ability to generate a particular barb may be captured by an
associated test. For every barb b and finite set of actions L
define the test e( b, L) by induction on b as foliows:

1. e(L, L)—t w

2. elA =L vernu X {(nil)

3. e(cb' L)—r w+é.elb, L)

4. e(dob’, LY=1% ., x w]lef, L))

We leave the reader to check the following property of these
tests:

LEmMMA 3.7. For every standard barb b and for every
Sinite L < Act such that Sort(b) < L if Sort(p) < L then

pmust e(b, Ly<>3ae S Barb{p)a<b

ProrosiTiON 38. Forp,qin TPL p T g implies p < q.

Proof. We prove the contrapositive, namely —(p < q)
implies —(p T ¢). If p<g 1s not true then for some
standard barb b€ S Barb(q) b’ <bforno &' in S Barb( p). In
this case we employ Lemma 3.7, where L is chosen to
contain both of the finite sets Sort( p) and Sort(q). |

Combining these two propositions we immediately have
the Alternative Characterisation Theorem for TPL. As a
direct corollary to this we can restrict the experimenters
considered with no change to the discriminatory power.

DeFmNITION 3.9, An F-test fis a TPL experiment of the
following recursively defined form:

e f=1.0.
e f=LY, a.0)(nil).

e f=1.w+a.f", where [’ is an F-test.
o [=lLX awl(f

LemMma 3.10.  For any TPL processes p, q, p
only if, for all F-tests f, p must f implies q must f.

"), where /" is an F-test.

S qifand

Proof. We have proved above that p = g < p <g. The
proof of Lemma 3.7 then gives that we need only consider
F-tests. |}

With this alternative characterisation it is now relatively
straightforward to compare processes with respect to T-. As
an example we return to Example 2.7. We can distinguish
the two vending machines with the barb coin{tea, hit}
chit{tea} which is a standard barb of the second process
unmatched by one from the first. The alternative charac-
terisation also enables us to prove the characterisation of
T ¢ promised in the previous section.

THEOREM 3.11.

pTiqeptg
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Proof. tis sufficient to show that = is respected by all
the operators. We leave the individual proofs, which are
quite tedious to the reader but we should point out the
proof for the restriction operator requires some care. ||

4. PROOF SYSTEMS

In this section we develop a sound and complete proof
system for the language TPL. The importance of a proof
system for a language is great. Some process algebras are
defined equationally since their designers feel this to be the
most intuitive starting point. Indeed Schmidt says in
[Sch86]:

The [ axiomatic ] format is best used to provide
preliminary specifications for a language or to
give documentation about properties that are of
interest to the users of the language.

Hence it is often to the equations that one turns to reveal the
differences between languages and the equivalences defined
upon them. The importance of the soundness of a proof
system is obvious; it merely requires that the equations and
proof rules be true of the language under examination.
Completeness is often harder to prove since it requires that
all truths in the language be provable in the proof system.

The proof system we consider is based on the inequations
given in Figs. 4 and 5. Many of these are standard equations
for CCS, but the operators | J( ) and ¢ introduce new and
sometimes complex axioms, particularly in relation to the
internal operator 7. From the equation o 1 it is apparent that
o is expressible in terms of | J( ) but we have deliberately
used o in the presentation because it is easily understood
intuitively. Also note that e1 is not derivable from e2.

The proof system is defined in Fig. 6. It is essentially
inequational reasoning with extra rules for recursive terms,
REC and w — Induction. In the latter App(t) denotes the set
of finite approximations to ¢, {¢" : n > 0}, defined by:

1. =@
2. (a) x"*l=x

(b) fly"*'=fu"r")

(c) (recx.t)"*'=¢"*1[(recx.1)"/x].

These have been discussed at length in [ He88]. The only
extra rule is the Srability Rule, a simple form of which
equates the process a.nil with recx.(a.nil + o.x) or even nil
with recx.o. x.

Let +—¢ ¢ <u denote that ¢ < u 1s derivable in this proof
system, t < u that 1 <wu is dertvable with purely inequa-
tional reasoning, and finally ¢ <g, u that : <u is derivable
using in addition the unfolding rule REC.

We first discuss the soundness of the axioms. To
characterise their importance we introduce two further
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r+z = 1 +1 TI4+r = 11 7]
T4+y = y+z +2 T4y = T.(rx4y) T2
r+{y+z) = (z+y}+z2 +3 ar+ay = af(rz+ry) 13
r+mil = z +4 rr+y < 1a T4
rr4+ry < 1(r+y) 75
nil\a = nil resl ndlS] = nil rell
arl\ae = nil res? {e.z){S] = S(o).z[S) rel?

a € {a,3}
ar\a = afr\a) res3 (z+y)[S] = z[S)+y[S) re3

o ¢ {a,3)

(z+y}\a = z\a+y\a resd

lz)\a = [z\af(y\a) ress  |z|(S] = [alSII(uIS]) rem
= Q 1 N\a = Q 4
z+40 = 0 12 s} = 0 053
zZi = N 3 [z = O 6

FIG. 4. The inequation system E.

equivalences, derivation congruence and observational
congruence [ Mil90].

DEFINITION 4.1.  Derivation congruence is the largest
equivalence satisfying

(i) Vp'.p-p.qg-2sp
(pa>es= " pp—>p.q—"—p
(1) p§=qi

where A€ Act v {1, a}.

We write p~g to say that p and g are derivation
congruent.

DEerINITION 4.2, Observational equivalence is the largest
equivalence satisfying

0.1 = ol

|rilj{z)

ar = |azf(a.x) o2

L=l)(z2) = [z)(2) a3

L)) + lu}(v) = [z+u)ly+v) o4

lrzjy) = 7.2 o7l

rlzf{y) = r.[z)(ry) ar2

T+ Tiulz) S Tz +y)(2) ar3
=ikt Y=y,

gy = Tis{ady) + Zov(2ly) + Thes o(aily) el

z =T pi-zif(z,)

zly =

y =1 %ul.)

Zrsi(zily) + Zo0-(2ly;) + Toosy 7(@lws) (2o lya) €2

FIG. §. Extra inequations for system E.
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FIG. 6. The proof system.

Crases (iy V' p==p.3¢.q==q {p.¢>cS
p.gyeS=

(ii) pl =g}

where e Act v {o, £}.

It is well known that x is not preserved by + [ Mil90]
but if, as usual, we define p = * ¢ if for some « not appearing
inporqgp+a=xq+a, then > is a congruence with respect
to all our operators.

LeMMA 4.3, For any TPL processes p and g

p~d=pxqg=p < (.

Proof. The first implication is straightforward and to
show the second it is sufficient to prove that for any F-test
S p must fand p = q implies ¢ must fby induction on the size
of f. This we leave to the reader. |}

We can now consider the soundness of most of our equa-
tions with respect to these congruences. The laws +1, +2,
+3, +4 are called the monoid laws {although com-
putativity idempotence i1s not required of monoids). In
[ Mil90] they are shown to be sound with respect to ~. The
equations res 1, res2, res3, resd, rell, rel2, rel3, and e are
also discussed there. Note that this does not necessarily
imply that these laws are sound over TPL. For example, in
[Mil90], x + 3 ~ y + x follows since x + y —*» - can only be
the result of x > - or y - - but not both. We would also
have to consider the case where x—= ¥’ and y—> )’
implying that x +y -5 x'+)". However, these extra cases
are straightforward to check.

We can justify many more of our equations in terms of
derivation and observation congruence. The equations
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al,...04,0tl, and ¢2 are all true of ~. As examples we
consider the two equations o4 and ¢2.

o [ x(vi+lullvy=Lx+ul(y+v) First we examine
the ¢ transition possible if x and u cannot perform a t
move. THEN, gives [ x+u_J(y+v)—D y+ v It also gives
Lxl(y)~2 v and Lul(v)—> v, so by SUM, the only
available o move from [xj{(v)+Lul(v) is LxJ(y)+
Li (v} =5 y+ v. The other transitions from | x + u (¥ +v)
must, by THEN |, come from x +u. By SUM, and SUM,
these must be from x> x' or u”u', giving _x+u ]
(y+uv)—=>x" or Lx+ul{y+uv)~-> 3. Now the initial
moves (i€, non-g moves) of | x_J(y)+ | u_|{r) are derived
from SUM, and SUM,, ie, from [ xJ(y) and Lu|(v).
THEN, gives these as the result of x - x" or v ',
Solxf(y)+Lullv)—> x orLx](y)+Lul(r)—> u as be-
fore.

o If v=[>,p;,x,)x,) and y=L3,7.v,](y,) then
N8 = LE 0 13+ Sy, ) + o el | 3]
(x,|y,). We examine wait transitions first. For the left hand
side these can only be the result of COM,, which can only
be applied when x5 x', y—% ' and x|y —+5> THEN,
translates the first two conditions into ¢ ({u,:iel} U
{y,: jeJ}), giving x—= x_and y —% y,. The third condi-
tion implies (by COM ;) that {y,:iel} n{7,:jel} =
These conditions also imply that |3, u,.(x; | )+
v iy + s ) A Ly, s LY p(x, 1 y)
+2. 7 xiy)lix, 1y,), and by THEN, we have
LIy + Xy v dx, T v,) = x|y, The
other moves are derived for the left hand side by COM,.
COM,, and COAM ,; and for the right hand side by THEN,.
We examine only one case in detail. Suppose x | y =5 v, | v
by COM,. Then by repeated use of SUM, we have
Dot () + 2 )+ X T y) =,
THEN, then gives the desired move from the right.

Theaxioms 1, ra2, 21, 24, and 25 are all true of obser-
vational congruence. The only non-trivial axiom to check is
702, which relates the congruence to stability: for any two
processes p, ¢, t.LpJl(¢) and 1. pJ(t.¢q) are obviously
observationally equivalent because | p_(q) and | p l(r.¢)
are observationally equivalent and the extra condition for
congruence 1s easily checked. The standard z-laws of CCS
may also be derived from ours. 71 is the second r-law of
CCS (see for example [ Mil90}). The first z-law, 2. 1. x=
a.x, follows from our 72 (with y = 7.x) and 73 (with y = x).
The third, a.(x+ 7.y} +a.p=a.(x+7.p) is derivable as
follows:

w X+ oyt y=x(t(x+T:¥)+1.¥) 73
=a({x+t.y+71.3) 72

=a.({x+7.y) + 1
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The remaining equations, t2, 73,74, 15,073, 22, and 23
have to be justified directly in terms of <. We look at two
examples:

e T.x+ 1.y <7.(x+y) This is not straightforward, but
it embodies the idea that nondeterminism is decreased as
one moves up the preorder. We prove this sound by
induction on the length of barbs.

~ QeS8 Barb(t.(x+1)). Then (x +y){ and so either
xftorytandso(t.x+z.yv)ftand Q€S Barb(rt.x +1.y).

— A€S Barb(t.(x+y)). Then either x == x’ with
A=S(x"), y =1 with 4 =5(3"), or 4=S(x)uS(y). In
any case this can be matched by r.x + 7.y

— abe S Barb(t.(x +y)). Then 7.(x+yv) = = with
b e S Barb(z). But then either x == Zor )y = zand soub e
S Barb(t.x +7.¥).

Aabe S Barb(t.(x +y)). Now if either Aobe
S Barb(x) or Acgbe S Barb(y) we have AobeS Barb
(t.x+ 1.y). Suppose not, that is, x -5 x" and y —% }’ with
A=S8(x)uS(y) and be S Barb(x’ +yv'}). Then be S Barb
{(1.(x' +3")) and so by induction g€ S Barb(t.x" +1.3")
with a € b. But SBarb(t.x' +1.}') = §Barb(x'} U
S Barb{ ') and so ae S Barb(x') or a € S Barb(y"). Without
loss of generality assume ae S Barb(x'). Then S(x)oae
S Barb(x) = S Barb(t.x + t.y) as required.

e x+7.lvliz)<t.Lx+yry](z). We examine pe .S Barb
(t.Lx+yplx). If b=0Q then either x{ or ypf giving
(x+7r.Ly)iznf and Qe S Barb(x+t.Ly =) If b=ab’
then either x =~ x' with b’ €S Barb(x’') or y—5 )’ with
b'e€ S Barb(y). In either case be S Barb(x+ 1.y z)).
Otherwise b = Aob’. There are three cases to consider.

x = X" with 4=25(x") and be S Barb(x'). Then
x4+71.ly ) = x"and be S Barb(x + .y (=)

y =1’ with 4=5(3") and be S Barb()'). Then
X+t.Ly)z) =>y and be S Barb(x + 1.y J(2)).

A=S(x)uS(y) and b'e .S Barb(z). Then S(y)
ob' € S Barb(x + 1. y_|(z)) with S(y) ob’ < Acb’.

We have just shown:

ProOPOSITION 4.4.  All the inequations in Fig. 4 and 5 are
sound with respect to ©°.

At this point it is convenient to ignore the soundness of
the proof system and instead address completeness.

In common with most completeness proofs in the process
algebra literature we start by defining the notion of normal
form. These are gleaned from the behaviour of processes and
the mechanics of the proof that every term indeed has a nor-
mal form. In the following definition of normal forms we
make the distinction between stable and unstable processes.
If the process is stable then either it changes under the
passage of one unit of time or it does not. If the process is
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unstable then either it is divergent or it has a number of
actions available to it before nondeterministically resolving
its instability in favour of a stable normal form.

DEfFINITION 4.5. A normal form (nf for short) is a term
of the following inductively defined form.

1. £ is a normal form.

2. LY a.n,)(n,)is anormal form if each n,, is a normal
form and »_ is a normal form.

3. ¥ybon,+Y ;7.0 is a normal form if each n, is a
normal form and each #, is a stable normal form.

Taking / to be empty gives normal forms 3 , a.n, and
also taking A4 to be empty gives the normal form ni/. It may
also be worth clarifying the notation Y . f(x). This is
intended as a shorthand for X ..y f{x). We will use and
abuse this notation liberally. We also denote by #n, the
unique m such that the normal form » can evolve to by
performing an « action, i.e., n =5 m.

In proving that every term can be reduced to a normal
form we need a measure on which to perform induction.

DerFINITION 4.6. The depth of a finite process d written
Id] is defined structurally as follows:

o |Q2]=nil|=0.
o la.dl=1+]d|.
o |7.d|=[d|
e |g.d|l=1d|.

o |d+e| =max{\|d|, |e|}.
o |Ldl(e)| =max{|d|, |e]}.
o |dlel=I|d| +lel

o |d\a| = |d}.

o [d[STi=1d|.

The depth of a term is supposed to represent the maxi-
mum length of a trace from that term, ignoring t and o
actions. To avoid complication |d\a| is defined as |d| when
obviously it could be much less. The reason for ignoring o
comes from the line [Ld((e)| =max{|d|, |e|}. If we
replace this with the perhaps more intuitive || d (e} =
max{|d|, 1+ |e{} (and adjust |a.d] accordingly) it is dii-
ficult to see how to construct a normal form from the choice
between the two normal forms Y, a.n,and .Y 5 b.m, J(m_)
without possibly increasing the overall depth. Normalisa-
tion will be performed using the following measure.

DErFINITION 4.7. The measure < is the preorder defined
by
. ldl<|f|or

2. |d|=|f) and M (d)< M _(f), where M _{p) denotes
the number of occurrences of the construct | J( ) in p.
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We write d < f when either d< for |d| =|f]| and M (d) =
M ([, that is, when neither the depth nor M _ is greater in
d than in f.

The following fact is used repeatedly when normalising a
finite term and so is dealt with separately.

LemMA 4.8. For finite sets of normal forms {p,:ac A}
and {q,:be B} (A, B< Act) there exist normal forms r,

suchthat ¥ sa.p,+Y gb.qy=g X sopC.roand 3 4 pc.r <
Zaa.p,t+2pb.gp

Proof. We first show by a case analysis on n that if n is
a normal form then there exists a normal form »’ such that

l. n=g1.n
2. Wxn

This in turn is used to show that if », and n, are normal
forms then there exists a normal form n; such that

l. ny=gt.0,+717.1,.

2. ny<t.n +1.0,.

This is proved by induction on the depth of n, +n,. The
proof of the result is now straightforward:

Yap.,+Y b4,
A B

=g ) a.p,+ ) b.q,

ANB B\A4

+ Y cltp.+1.q) byt3

An B

Yap,+Y b.q,
p 7

=E Z a'pa+ Z bqh

A\B B\A
+ Y enflt.p,+7.q9,) byabove [
AnE

Tueorem 4.9 (Normal Form Theorem). Fuvery finite
term p has an equationally equivalent normal form nf(p) with

nf(p)<p.

Proof. We proceed by induction on ={. There are
several cases to consider, depending on the structure of p,
but we examine only p + ¢ here.

o nf(p)=elXaa.p.lp.), nflg)=elXpb.q,1(q,):
p+q=enf(p)+nf(q) by substitution

= [Za-paJ (p,)+ {Z b-th (q,)

by substitution
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:E[Za-prZb-th (p,+9q,) byod
A J: 1

~c|Sap.+ T ba| o, +0,)
A B
by induction on <.

The result then follows by Lemma 4.8.
snfipy=g 2 a.p,, (q) =g 2 5b.q9,]q,)

p+qg=gnf(p)+nflq) by substitution

=gy a.p,+ [ Y b.gq, by substitution
A 8 J

(q,)

=E{Za.pu+2b.qh
A B

(z a.pa+qa> byo2 & g4
A

~E '\Z a'pa +Z bth ("f(Z a'pa + 4a)>
A B A
by induction on =<.

The result then follows as above by Lemma 4.8.

g nf(P) =E LZA a'pa_](pa)’
(@) =g 2sb. gy +X 574,

by substitution

> 1.g;

Jr D

p+qg=enf(p)+nflq)
=g {Za-paj (P)+2 b.g,+
A B

by substitution

by o13.

Y t.g;

J#

ZEZa'pa+Zb'qh+
P B

Again the result follows from Lemma 4.8,

o nf(p)=gX ap,+2;T.p;
nf(@)=e2pb.g,+3¥,1.9;

p+qg=gnf(p)+nflg) by substitution

N otpi+Y b+ Y t.g

=Eza‘pa+
A I+ B J~

by substitution.

The result follows as before from Lemma 4.8. §

It will be convenient in the completeness theorem to be
able to further reduce normal forms. These we call strong
normal forms.

DermniTiON 4.10. A normal form with the structure
Sqa.d,+3,.,1.d;, where each d, is a stable normal
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form (ie., X5 b.d}, or LY 5 b.d} )(d")), is a strong normal
form if

1. each B, is contained in 4 and
2. foreachainAn B, t.d,+7.d =¢gd,.

We use snf(d) to denote the strong normal form of a term
d. We did not include this information in the definition of
normal forms, as the translation of a z-stable process into its
associated strong normal form may increase the depth of the
term. However, we can prove the following lemma.

LemMma 4.11. For every normal form d=Y% ,a.d,+
Siept.d, withd=Ypb.d,ord=_Ygb.d,d.), there
exists a strong normal form snf(d)=3% pa.d,+3 ;. 57.d,
such that d =g snf(d) and d,<d.

Proof. We proceed by direct equational manipulation of
d. We will use the derived axiom 7. x [(y)=x+1.Lx](»)
(this follows from t1 and the easily derivable equation
LxJ(y)+t.z=x+7.2)

d=gY ad,+Y,. 1.4, by def”
A

Y ad,+T Y bd,+Y c. [Zb.dﬁJ (d*)
4 J B K By
by def”

=pYad,+Y Y bd,+) .Y bd,
A J B J B;

+Zr.{2b.dﬁJ (d¥) byl

K By

=gy ad,+¥Y b.d,+3 > b.d}
A

J B K By
+Y 1.y b.df,',+Zr.{Z b.dﬁ} (d*)  from above
J B K By

Y ad+YYbd,+Y Y bdi+ Y 1.4,
A

J B K B I#&

by def”

We now examine the term Y ,a.d,+2,%pb.d,+
S« 3 5 b.d} inisolation: we aim to translate it into the form
S pa.d,. Suppose a.d, and a.d, are both summands of
Saa.d,+3,; b d,+Y Yy b.di. Then by 13 we
have a.d, +a.d>a.(t.d, + t.d,). As in Lemma 4.8, we can
transform a.d,+a.d, into a.nf(t.d,+71.d,) with no
increase in depth. We repeat this procedure until no such
duplicated prefixed action appear in the sum. It is then
straightforward to check that the transformation of d is
both a strong normal form and satisfies the requirements of
the lemma. |
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It is also necessary to develop a partial normal form for
infinite terms, i.e., those involving recursion. These are
called head normal forms.

DEerFINITION 4.12. A head normal form is a term of the
following form.

1. >, a.p,l(p,)isin head normal form.

2. Y a.p,+31.57.p;is in head normal form if each
p.1s in a stable head normal form.

We use Anf(p) to denote the head normal form of a
term p.

THEOREM 4.13 (Head Normal Form Theorem). For any
term p such that p there exists a head normal form hnf(p)
such that p =g, hnf(p).

Proof. The proof'is similar to that of the Normal Form
Theorem except that the induction used is on the length of
the proof that p. |

In the next theorem, the heart of the completeness
theorem, we use various simple facts about = which are
summarised in the following lemma. The proofs are
straightforward and are left to the reader.

Lemma 4.14. 1.
2. (stability) for convergent pp < q A p—> =g -5

(t-preservation) p < q=>1.p<“1.9

3. {o-property)

p<yq
P Doy =P, <5q,.
q-— 4,

THEOREM 4.15 (Partial Completeness).
process d and any process ¢

For any finite

dZ°q=+—pd<gq

Proof. We proceed by induction on the order < over d
and its subterms. For convenience we abbreviate — . d<g
to d <g g within the confines of this proof although essential
use is made of the extra rules. We may assume d is in normal
form. If df} then it is easy to prove by structural induction
on d that d=¢ £ and the result follows immediately. So we
may further assume that 4| and therefore g{; in particular
we may now assume ¢ is in head normal form.

e d=|>,a.d,1d,), q=1.2zb. q,)q,).

First we prove that n,<y¢q,. d, <% g, follows directly
from the o-property, Part 3 of Lemma 4.14, and so by
induction we have d, <gq,.

Now we prove Y ,a.d,<gYz;b.q,. Any barb bre
S Barb(gq) must be matched by one in S Barb(d), so B< A.
Any barb Bove S Barb(q) must be matched by one in
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S Barb(d), so A< B, ie, A= B. Also, forallae 4, d,<q,.
For consider ve S Barb(q,). Then ave S Barb(q) and so by
d < q we have aue€ S Barb(d) with au <av. Hence u<p
with u e S Barb(d,). By the t-preservation property, Part 1
of Lemma 4.14, d_ < q, = 1.d,<° 1.4, and so by induction
for all ae A t.d,<gt1.q,. Hence for all aed a.7.d,<g
a.t.q,and so Y ja.t.d,<g Y ,a.1.q, which, by 73, gives

Y, <Y adduies Y ad,<p S pb.q
Combining these results we have

Elz a.d(,J (d,) SEth.th (g.)=gq.
A 5

e d=Ygb.d, +3,1.d,
There are several sub-cases to consider.
— I=g, e, d=3 a.d,.
Note that this includes the case when A = ¢, that is,
d=nil. We define the term e=recx.| Y  a.d, |(x) and
prove that

Ve Vp.d<p=>e"<gp.

We continue in this subproof by induction on n.

* n=0. ¢"=0 and so by the Q— Rule we have
< p.

* n=k + 1. By d’s stability we know that p has the
stable head normal form p=¢{ > zb.p,l(p,). First note
that d <¢ p, follows directly by the o-property and by induc-
tion on n we have ¢* <. p,.

Now we prove that ¥ , a.d, <g > gb.p,. Any barb bre
S Barb( p) must be matched by one in S Barb(d) so B 4.
Any barb Bove S Barb(p) must be matched by one in
S Barb(d), so A< B, ie., A=B. Also, forall ae 4, d, <p,,.
For consider v € S Barb(p,). Then av e S Barb( p) and so by
d<°p we have aue S Barb(d) with ay <av. Hence u <v
with we S Barb(d,). By t-preservation d,<p,=1.d,<°
7.p, and so by induction for all e 4, 7.d,<g 7.p,. Hence
for all aed, at.d,<ga.t.p,, and so Y ,a.1.d,<g
3 ua.t.p, which, by 73, gives ¥ ,a.d,<g>. ,a.p,, L&,
2aa.d,<gXpb.ps

Combining these results we obtain [ Y , a.d, {(e*) <
LY b.ppd(p,). But &' =%, a.d,J(e*) and so

e* 1 <¢ p as required.

Instantiating the p above to be the g of this theorem we
have Vn.e" < q and by w — Induction we get e < g. By the
Stability — Rule d <g e and so d < ¢ as required.

ey

This last case is the most complicated and we will go
through it in some detail. Here d is an unstable normal form
and therefore by Lemma 4.11 we may assume  is a strong
normal form:

d= Zad‘,-k Y t.d,
I1#0
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where

SYbd, or
d.:

{Z b.a’;,J (d,)
By

where for each B, we have B,= 4 and r.d,+t.d, = 7.d/,
for any a € B, n A. Further, by the stability property, Part 2
of Lemma 4.14, we may assume that

q= quﬁr 2T [Ze-q{l}(q’)

J# G E;

First let us concentrate on the terms ¢.¢,. It is easy to estab-
lish that C < 4 and for each ¢ in C d,< ¢, and therefore
from t-preservation t.d.<°t.¢g.. By induction we have
7.d,<g 1.9, and therefore ¢.d, < c.q,. This means that
for each such ¢, d<gd+c.q,. and, because of 74, to
complete the theorem it 1s sufficient to prove d<.d+
7. X g e.q%1(g%) for each j in J. Let a typical such ¢’ be of
the form LZI: ¢.q,1(q,). We actually show that d' <
T X e.q%0q)), where d'is Y pe.d.+ 3, t.d, with [' =
{iel: B,< E}. Since d<™ q it follows that /’ is not empty.
We use induction on its size.

* |[I'l = 1. Exactly how we proceed depends on the
form of d’; it has either the form ¥ ,.e.d, + 7.3 zb.d} or
Seed, +1.1 5 b.d! (d]!). We consider the latter case in
detail as the former is dealt with in a similar manner to the
case above when d=3zb.d,.

We first show that d! <gq,. To any barb be S Barb(q,,)
there corresponds a barb Eobe S Barb(g). This must be
matched by a barb from & and the only candidates are
those of the form Bob' where b'e S Barb(d!). Now by
t-preservation we have 7.d!<°t1.q, and therefore by
induction 1.4} <g 7.q,.

It is also easy to establish that d, < ¢, by considering the
possible barbs of ¢, and using the fact that d is a strong
normal form. Again, using t-preservation, we have d, <g g,
for each ec E.

We now have the required ingredients to prove d’ <g

T. LZb() qe

Zed-i—r Zde(d)
<g T Zed +Zb d},J (d!) byot3
by 73, r4 since BS E

p
<er|Ted @)
!

=p7T. Ze d(,} (t.d!)  byor2
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<g T[Z e.q()J (1.9,)
E

:ET~[Z€.¢]¢J (9,) by o12.
. .

This ends the proof when |/'| = 1.
* |I'l>1.
We suppose without loss of generality that I'=
{1,2,3, .., k}. We define a new term 4" which is a term
lying between d’ and .4,

d"=Yed,+ )Y t.d],
£

2<igk

!

where for 3 < i<k we define 4, =d,. The definition of 4%
depends on the structure of d, and d, as does the rest of the
proof.
- d, =ZB| b'dilz* d2=233 b~di
In this case we define

v= Y bdi+ Y bdi+ Y baf(n.bl+ b))

Bi\B: BBy B| ~ B2

Then since B, U B, = E'we have d” <° 7.¢,and by induction
d" <g 7.9, as required.
: dl :Z& b'd:;* dZZLZB: b~di_](df,)
In this case we define

S bdlt Y bdi+ Y b.nf(r.b,',+r.b,z,)J

Bi\B; Ba B2 By~ B:

<nf<z.§b.d;+f.d5)>.

Again d” < 7.q, and by induction d” <g 7.q,. By 62 and
012 d <gd" and so d’ < 1.g, as required.
: dl = LZBI bld,l,_](d(],), dz :LZB: hd,%_[di)
In this case we define

d'zsl

v=| ¥ obale Y bdie Y b.nf(r-b,‘,+t.b,2,)J

B)\B: B\ B, By~ B2

(nf(r.d} +1.d%)).

Again d”" <°t.q; and by induction d”" <g7t.q;. By o012
d" <gd” and so d' < 1.9, as required.

This completes the induction on |I’| and hence we have
shown that d' < 7.9,

We now need to show that d' <gd". Fortunately this
follows directly from 74.

That ends the final case in our partial completeness
proof. |

643:117:2-6
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As an immediate corollary we have a completeness proof
for arbitrary closed terms.

THEOREM 4.16 (Completeness). For arbitrary closed

terms p, q, p =° q implies — p<q.

Proof. Suppose p<*gq. In order to establish that
—g P < g, using w — Induction, it is sufficient to show that
—g d < g for an arbitrary finite approximation d of p. But
p <% g implies that d € * g and therefore — d < ¢ follows
from the previous result. |

To finish this section let us now address the soundness of
the system.

THEOREM 4.17 (Soundness).
P g, —ep<qimpliesp =©q.

For arbitrary closed terms

Proof. We have already shown that the inequations are
sound and there are only two nontrivial rules:

1. The Stability Rule. For any set of closed processes
{p;:iel} it is easy to check that 3 ,a, p,~ recx.
>, a;.p; J(x), from which the soundness follows.

2.  w-Induction. The proof of soundness of this rule is
similar in spirit to that in [ He88]. It is sufficient to establish
that for any experiment e, p must e \mptlies d must e for some
finite approximation 4 of p. In [ He88] it was suflicient to
prove this for finite experiments ¢ and induction was used
on the size of e. Here we cannot use this measure of induc-
tion, since it may be possible that ¢ —%> ¢. Instead we use
another measure which does not depend on the fact that e
is finite.

Let us abbreviate the computation

elp=eglporre | pi— e |pi
to
elp—"e.|pi
if

{a) forevery i=0, ¢, cannot report success

(b)

in the derivation above the inferences
a 2 a ' : ’ '
e—e',p— p'impliese |pr—e' | p
or

e— ¢, p—— p'impliese | pre’ | p'
are used n times.

One can show that if p must e then the set {n|e|pr"
¢' | p'} is finite. One can now mimic the corresponding
proof in [ He88], Lemma 4.5.6, but using induction on the
maximal element of this set. J
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5. EXAMPLE

We present in this section a description of a very simple
“Security Costs Protocol.” The Security Costs Protocol
describes the transition of a message between two dis-
tributed ports. Transmission of a message across a secure
medium is considered expensive while acknowledgements
travel freely. The protocol initially sends the message across
an unsecure medium only resending across the secure
medium if an acknowledgement has not arrived before
timeout.

Accept:
A < a.mess", (ack ,.ack . A+ a.mess’ .ack . A)
Reliable Medium:
C <= mess’,.mess”,.C + ack,, .ack,,.C

Unreliable Medium:

D <=mess (1.D+ t.mess’y . D)
Transmission:
B <=mess™ .ack,,.b.ack,,. B+ mess’, .b.ack,,.B

System <= (A | B| C| D)\S where S = Sort{A) u Sort(B) U
Sort(C)u Sort(D)\{a, b}.

The message is received by the protocol on port 4. This is
done at the module A, “Accept.” 4 then sends the message
to the unreliable medium, D, along port messi,. D now
either passes the message on to the final module of the
protocol (B, “Transmission”) along the port mes',, or it
loses the message. Upon the possible receipt of the message
from D, B will send and acknowledgment to A4 via the
reliable medium along the ports ack,, and ack,,. If A does
not receive this acknowledgement, then D has lost the
message and after one time unit 4 will retransmit it to the
reliable medium along port mess’, . This is then passed on to
B by the reliable medium, C, along port mess’,. When the
environment has accepted transmission of the message from
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B an acknowledgement is send to A so that it can reset and
be ready to receive another message. This final point avoids
A receiving a second message before the delivery of the first.
So in the summand mess'y,.ack, .b.ack,..B of B the first
ack,,. represents the acknowledgement “message received
over unreliable medium, do not resend” while the second
ack,, represents “message delivered to environment, reset to
accept a new message.”
We can now prove equationally that

System =da.(t.0.b.System + t.b.System).
System=(A| B| C| D\S by definition
=a.(mess", (ack ,.ack,.A
+0a.mess’,.ack,, A)| B| C| D)\S  bydl
=a.t.((ack ,.ack,_,.A+o.mess’, .ack,, A)| B| C|
(t.D+ t.mess%, .D)\S by d1
=a.((ack,,.ack,,.A +a.messfu,.m.A) |B| C|
(1.D+ t.mess’;, . D)\S by d5
=d.(X+7) by d4

where

X=rt.((ack .ack, . A+ c.mess’ .ack..A)| B| C|D\S
Y=1t.((ack, ,.ack,,. A
+o.mess’ .ack, .A)| B| C| mess4 . D)\S.

X=r.0.((ack,,.ack ,.A +mess’ .ack..A)| B| C| D)\S
by d2

=t.0.71.(ack,..A| B | mess’,.C| D\S by dl
=rt.0.1.7.(ack,. A\ b.ack,..B| C| D)\S by dl
=r.0.t.t.b.{ack,,. A|ack, . B|C|D\S bydl

=t1.0.1.1.0.1.(ack,. A | B|ack,.. C|DN\S
=t1.0.1.1.h.7.71.(A| B|C|DN\S by dl
by d5, d6

by dl

=1.0.b.System

Y=1.((ack,.ack . A+oc.mess’ .ack_.A)
| B| C | mess4,.D\S by definition
=t.7(lack,,.ack .A+ a.mess) .ack,. A)

lack,..b.ack,..B| C| D)\ by d3
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=t.7.7.({ack ,.ack . A + o.mess_.ack,,. A)
|b.ack,.. B | ack,.C| D\S by d3
=t.((ack ,.ack,, A +c.mess’_.ack . A)
|b.ack,, . B|ack, C|D\S by d5
=7.(U+V) byd3
where
U=b.((ack,,.ack .A+ c.mess] ack . A)

lack,,..B | ack,,.C | D)\S
V=rt.(ack,. A|b.ack,. .B|C|D\S.

Again
=b.t.(ack,,. Alack,..B| C|D\S by d3
=b.r.t.(ack,,.A| B|ack,.C|D\S by dl
=b.1.1.7.(A| B|C|DN\S by d1
=b.System by d5

and

V=rt.(ack,,.A|b.ack,.B|C|DN\S by definition

=t.b.(ack,, A|ack,, B|C|D\S by d1
=t.b.t.(ack..A|B|ack,,.C|D\S bydl
—t.b11.(A|B|C|D\S by dl
=7.b.System by a2.

w=Y 0w, T=Ygbr, y=ccy, 2=Lpdz
(wlzlylz)\ E = ezt +int

where
ezt = T eo((walzlylz)\ E) + Tpe b((wlzelyle) \ £)+
e c((wlzlydz)\ £) + Ep\ed ((wlzlylze) \ £)
int = L,apT ((w.|n|y|z )+ Zan T{(walzlyclz) \ E)+

)
INE
Eand T({walzly|za) \ E} + E g m-((wlzslyelz) \ E}+
Enp T ((wlzslylza)\ E) + Tenp 7 ((wlzlyelza) \ E)  d

w=Y, 0w, 40w, 2= bz, y=Fcey, 2=Lpdz
(wlzlylz)\ E = o((Zaa.we +we)lzlylz)\ E)
HANB=BAANC=0AAND =0n
BNCT=0ABND=0ACNnD=10
and AUBUCUDCE d2

w=Y) aw, +0w, =3 gbr, y=Ycey, 2= pdzs
(wlzlylz)\ E = ext+int
where
ext = Taga{(walzlylz)\ E) + Tap b ((winlyl) \ E)+
Log e((wlzlycl2)\ E) + Tpg d((wlzlylzd) \ E)
int = T g7 ((walzslylz) \ E) + T gz 7-((walzlyelz) \ E)+
L aep 7-((walzlyl2a) \ E) + Tz 7 ((wlzslyel) \ E)+
Zonp T-((wizslylza) \ E) + Tonp 7 (wizlyclza) \ E)
fANB#BVANCT#OVAND #bv

BNC#OVvBnD#8vCnD#0 d3

(rz+7y)z = rzlz471y)z d4
otz = ax ds5

T.0T.x = 10T dé

FIG. 7. Derived equations.

So finally

System=a.(t.0.b.System + 7.(b.System + 7.b.System))
from above

=da.(1.0.b.Svstem + t.b.System) by 1, d5.
Figure 7 shows the new equations used is this proof. All of
these except d4 are derived equations in our proof system;
their derivations are straightforward but tedious. Every
closed instance of d4 can also be derived but the axiom itself
cannot. Its use is inessential but we employ it to make the
proof more readable. We leave the reader to check its
soundness using the alternative characterisation.

6. RELATED WORK

There is now an extensive literature on timed process
algebras which can be classified from many different view-
points. For a general discussion on the varieties of timed
process algebras the reader is referred to [Je91a], but from
the purely syntactic level they can be viewed as extensions of
the three main process algebras, ACP, CSP, and CCS, each
of which represent three somewhat different approaches.
For example, [ BB91] presents a real-time extension of
ACP, [ Re88] contains an extension of CSP called Timed
CSP, while CCS is the starting point for [ MT90], where the
process algebra TCCS is defined. Moreover, the starting
point determines to some extent the type of work reported
in these papers. In [ Re88 ] a denotational model for Timed
CSP is presented, reflecting the fact that much of the work
on CSP is based on a denotational approach to semantics.
Similarly the concern of the ACP school of semantics with
algebraic theories influences the approach taken in { BB91 ]
while the operational viewpoint, which underlies much of
the research on CCS, is reflected in [MT90]. However, in
subsequent work by researchers from these schools, this dis-
tinction is much less clear. For example, in [Gr89], an
operational semantics is given to a real-time extension of
ACP, while in [Sch95] Timed CSP is considered from the
operational point of view of testing.

It is perhaps more fruitful to classify the different
approaches by their view of time and the way it is repre-
sented semantically. Here the ACP and CSP approaches, as
expounded in [BB91, Re88] respectively, have much in
common. They both take time to be real-valued and, at least
semantically, associate time directly with actions, as indeed
is the case with [QAF89]; Thus actions occur at some
specific point in time. This approach is very different from
ours as can be seen if we try to compare TPL with Real-time
ACP and Timed CSP using the informal terminology of the
introduction. Nevertheless these languages have been very
influential. They are very expressive, have sound semantic
theories based on either forms of bisimulation equivalence
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[ Mil89] or Refusals [ Hoa85], and have been seen to be
useful in real-time applications.

The other major approach to representing time is to
introduce special actions to represent the passage of time,
which the current paper shares with [ Gr89, MT90, NS%,
Yi90, Yi91 ], although the basis for all those proposals may
be found in [ BC88]. All of the languages presented in these
papers share many of the underlying informal assumptions
of TPL outlined in the introduction. For example, they all
continue to assume that actions are instantaneous and only
the extension of ACP presented in [ Gr89] does not incor-
porate time determinism; however, maximal progress is less
popular as an assumption and patience is even rarer.
Although each of these proposals uses a different syntax for
its timed version of process algebra, it is of more interest to
classify them according to the assumptions they impose on
the special “time” actions.

In [Gr89], the simplest proposal, time is just like any
other action except that it must synchronise across parallel
bar. This fits in very neatly with the general synchronisation
mechanism of ACP and an axiomatisation of weak
bisimulation for finite terms in an extension of ACP with
this timed action is given. In [ MT90], a similar action is
introduced into CCS but it assumes more of the charac-
teristics of time; time determinism is assumed but they are
uncommitted as to whether time is discrete or continuous.
They give a complete axiomatisation of strong bisimulation
for finite terms in a rather expressive language. The
language, and operational semantics, in [ INS94] is similar
in spirit to TPL but is based on a different algebra ACP. In
fact, it is from this language that the| __J(_) operator comes.
Although they pay much attention to showing that their
language is of use in describing realistic phenomena they
also develop an equational theory for strong bisimulation.
Netther of [ NS94, MT90 ] assumes maximal progress but in
its place they have insistent actions, i.e., actions which will
not delay until the next time cycle. Needless to say the
presence of insistent actions means that in general processes
are not patient, in the informal terminology of the introduc-
tion. It seems that in timed process algebras in general either
maximal progress is assumed or insistent actions are
allowed; this is reasonable as both provide a mechanism for
forcing actions to happen.

The language presented in [ Yi90, Y191 ] is the closest in
spirit to our language; in fact it can in some sense be viewed
as a real-time version of TPL as it assumes that actions are
instantaneous in addition to assuming time determinism,
maximal progress, and patience. However, as with [ Gr&9,
MT90, NS94 1], its semantic theory is based on bisimulation
theory. It is also somewhat more expressive than TPL in
that, roughly speaking, it has prefix constructs of the form

a(r). P(t),
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which represents a process which can perform the action a
at time ¢ and then act like the process P(1); so the behaviour
of processes can in some sense be parameterised on the time
when actions are performed.

Thus the approach we have taken has much in common
with that of [Gr89, MT90, NS%, Yi90, Yi91]. A major
feature of this common approach is that the action repre-
senting time has special features which are incorporated
into the operational semantics of the various languages
using some form of prioritisation of the actions. Indeed, it is
shown in [Jef92] that many timed languages which take
this approach can be translated into untimed languages
where actions have priorities associated with them.
However, our semantic theory is based on testing and as far
as we know the problem of developing a testing based
semantic theory for timed processes has not been tackled
before although, as we have previously mentioned, a
construct similar to ¢ has been used in [ Ph87, Lag9] to
describe so-called “refusal” tests. We have deliberately
chosen a rather simple notion of time and in this choice we
were very influenced by the preliminary exploration in
[ Ste88 ] carried out as part of the FORMAP project.

But now that a firm basis has been laid for a testing based
theory we hope to be able to extend it to languages with
more complicated constructs. The extension to the con-
structs of [ Y191 ] which are parameterised on time should
be straightforward but to handle processes which are not
patient will require a reworking of the notion of barb.
Finally, extending the theory of tests for a language where
time is not discrete will be a major challenge.
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