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1. Introduction

Markov Automata (MA), as defined in [9], describe system behaviour in terms of nondeterministic, probabilistic and
timed events. The first two kinds of events are well known from Probabilistic Automata (PA) [25,26] and Probabilistic
Labelled Transition Systems (pLTSs) [6], while the third are taken to be random delays, governed by negative exponential
distributions parametrised by some delay A € RT. As explained in [11] these timed events can be given a straightforward
operational semantics in terms only of their parametric delays.

For example, consider the MAs in Fig. 1, taken from [9]. In such diagrams we use double headed arrows between states
to denote time delays. From the initial state of the first automaton, s, there is a race between two possible timed events,
each governed by the same rate, 4, for some arbitrary A € R*. If the right hand event wins, the state of the automaton
changes to sq, from which some external action a can happen. If the other timed event wins, the change of state is to
s1, from which an internal unobservable action, denoted by 7, can occur. Moreover, the effect of this internal action is
probabilistic; fifty percent of the time the state change will be to s,, where the external action b can occur, while with
the same probability the change will be to s, where ¢ can occur. Formally, this probabilistic behaviour is represented as an
action from a state, such as s1, to a distribution over states, represented diagrammatically as a darkened circle connected to
states in the support of the distribution, labelled with their probabilities.

On the other hand, the second automaton is much more straightforward. From its initial state there is a race between
three timed events, two running at the same rate and one at double the rate. Then one of the (external) actions a, b, c
occurs depending on which event wins the race.
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Fig. 1. Timed transitions and distributions.

Fig. 2. Timed transitions and distributions, again.

Providing a satisfactory behavioural model of MAs is necessarily a complicated undertaking. But as pointed out in [9],
because of the nature of their underlying distributions, the timed events can be satisfactorily explained in terms of simple
probabilistic distributions determined by their rates. They propose a translation of MAs into PAs, which we will explain in
Section 2. Since behavioural theories have already been developed for PAs [27,8,20,4], we therefore automatically obtain
such theories for MAs, via their induced PAs.

However, if one uses a standard behavioural theory for PAs, such as weak bisimulation equivalence as defined in [16,
27,20,8] then the two MAs in Fig. 1 are distinguished. Instead the authors of [9] propose a new version of bisimulation
equivalence between PAs, which enjoys desired standard properties such as compositionality, and which identifies these two
MAs. But as the authors point out their equivalence still distinguishes between the MAs in Fig. 2. The question naturally
arises: which MAs should be distinguished behaviourally, and which be deemed equivalent. This is the topic of the current
paper.

We approach the question indirectly, by giving criteria for reasonable behavioural equivalences between MAs; this in-
duces a touchstone extensional equivalence between systems, namely the largest equivalence, Xpehay, Which satisfies these
criteria. Thus two MAs should only be distinguished on the basis of the chosen criteria.

Having an independent notion of which systems should, and which should not, be distinguished, one can then justify a
particular notion of bisimulation by showing that it captures precisely the touchstone equivalence, ~pepay- In other words, a
particular definition of bisimulation is appropriate because ~p;, the associated bisimulation equivalence,

(i) is sound with respect to the touchstone equivalence, that is s1 A5 So implies S1 Xpepav S2
(ii) provides a complete proof methodology for the touchstone equivalence, that is s1 Xpehay S2 implies s1 ~pjs So.

This approach originated in [14] but has now been widely used for different process description languages; for exam-
ple see [15,23] for its application to higher-order process languages, [21] for mobile ambients and [10] for asynchronous
languages. Moreover in each case the distinguishing criteria are more or less the same. The touchstone equivalence should

(i) be compositional; that is preserved by some natural operators for constructing systems
(ii) preserve barbs; barbs are simple experiments which observers may perform on systems [22]
(iii) be reduction-closed; this is a natural condition on the reduction semantics of systems which ensures that nondetermin-
istic choices are in some sense preserved.

We adapt this approach to MAs. Using natural versions of these criteria for MAs we obtain an appropriate touchstone
equivalence, which we call reduction barbed congruence, ~,.. We then develop a new theory of bisimulations which is both
sound and complete for ~.

The remainder of the paper is organised as follows. In the next section we give our definition of Markov automata,
a slight generalisation of that in [9]; in addition to the timed events parametrised on specific delays, we have special
timed events which have indefinite, or imprecise delay times associated with them. In order to model the delay operators
probabilistically, we then show how to translate a MA into a PA, as suggested in [9]. For this purpose we use a slight
variation, called MLTSs, in which there are distinguished actions labelled by weights. We then develop our new definition of
bisimulation equivalence for MLTSs, thereby inducing bisimulation equivalence between MAs; this construction is illustrated
via examples. In Section 3 we show how MAs can be composed, using a parallel operator based on CCS [19]. In fact this is
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extended to an interpretation of a Markovian extension of CCS, mCCS, as a MA. We then show that bisimulation equivalence
is preserved by this form of composition.

Section 4 contains the main theoretical results of the paper. We give a formal definition of the touchstone equivalence
~ e, and detail the proof that this is captured precisely by our new notion of bisimulation. The paper ends with a brief
comparison with related work in Section 5; in particular we resume our discussion of [9], which originally stimulated our
interest in bisimulations for Markovian processes.

2. Markov automata

We have divided this material into three sections. In the first we describe the two kinds of automata of interest, and the
relation between them. We then have a section devoted to properties and extensions to the action relations which underlie
these automata. In the third section we describe our notion of bisimulation equivalence.

2.1. Automata

We begin with some notation. A (discrete) probability subdistribution over a set S is a function A : S — [0, 1] with
Y ses A(s) < 1; the support of such A is the set [A]={s € S| A(s) > 0}. The mass of a distribution A, denoted by |A|,
is defined to be the sum Zserm A(s). A subdistribution is a (total, or full) distribution if its mass is 1. The point distri-
bution § assigns probability 1 to s and O to all other elements of S, so that [§] =s. We use Dg,,(S) to denote the set of
subdistributions over S, and D(S) its subset of full distributions.

We write RT for the set of all positive real numbers. Let {Aj | k € K} be a set of subdistributions, possibly infinite. Then
> kex Ak is the partial real-valued function in S — R* defined by O kek A () =Y ek Ak(s). This is a partial operation
on subdistributions because for some state s the sum of Ay(s) might not have an upper bound. If the index set is finite,
say {1..n}, we often write A +---+ A,. For p a real number from [0, 1] we use p - A to denote the subdistribution given
by (p- A)(s) :=p - A(s). Note that if )", px =1 for some collection of py >0, and the Ay are distributions, then so is
> ke Pk - Ax. We sometimes abbreviate p - A1 + (1 —p)- Ay into A1 p® Aj.

Definition 2.1. A Markov automaton (MA), is a quadruple (S, Act;, —, ), where

(i) S is a set of states

(ii) Act; is a set of transition labels, with distinguished element t
(iii) the relation — is a subset of S x Act; x D(S)
(iv) the relation — is a subset of S x (RT U {8}) x S

satisfying

(a) sri>t implies s>, where d=§ or d= . e Rt
(b) s t; and s —> t; implies t; = t,. O

In (a) and (b) we use the standard notation for actions, for example, representing (s, A,t) €~ as s N t; this notation
is used throughout the paper. We will also use notation such as Act;, rather than ActU {7}, to emphasise that 7 is a special
element not in Act. We have seen in the introduction how we represent these automata graphically. However, to make these
diagrams simpler we will sometimes represent a point distribution simply as a state rather than, more correctly, using a
darkened circle.

Our definition of a MA is a mild generalisation of that in [9]; for example maximal progress, assumption (a), is built in to
the definition. But the major extension is the introduction of the indefinite delay actions denoted by the special action §,

s+ t; this can be viewed as a timed action whose underlying rate is unknown. Such indefinite actions, often called passive
when they are external, are widely used in the literature [3,13], although their precise properties vary between publications;
see [11], page 66 for a discussion. The role of indefinite delay actions will become clear in Section 3.1 when we define the
parallel composition of two MAs.

Following [9], we study MAs indirectly, by considering derived structures, which we call MLTSs.

Definition 2.2. A Markov labelled transition system (MLTS) is a triple (S, Act;, —), where

(i) S is a set of states
(ii) Act; is a set of transition labels, with distinguished element t
(iii) the relation — is a subset of S x (Act; s URT) x D(S)
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Fig. 3. Derived MLTSs of MAs in Fig. 1.
satisfying

(a) s -2 A implies s/, where d =8 or d = 1 € R*
(b) s—5> A1 and s LN A, implies A1 = A
(©) s 25 Ay and s 22 A, implies ;= A, and Aj = A,.

The first two constraints are inherited directly from MAs while (c¢) means that actions labelled by As, in this context refered
to as weights, are deterministic. O

A (non-probabilistic) labelled transition system (LTS) may be viewed as a degenerate MLTS, one in which only point
distributions are used, and the special actions labelled by § and A € R* are vacuous. An MLTS is finitary if the state set S is
finite and for each s € S the set {(u, A) |s A A} is finite; in this paper we are primarily concerned with finitary MLTSs.

Admittedly, MAs and MLTSs are very similar; the difference lies in the intent. In the former, timed events are repre-

sented explicitly as occurrences of actions s — t;, with race conditions represented by multiple timed actions with the

same source s. In the latter, MLTSs, these races will be represented implicitly as actions s 2, A where A is a probability
distribution representing the probability of the various target states t; by the race; the label A, the weight, will be required
for compositional reasoning. Thus in MLTSs the passage of time is modelled probabilistically. We are primarily interested
in MAs; however it is difficult to apply certain concepts to them, such as bisimulations. MLTSs are more amenable. We
therefore study the semantic theory of MAs in terms of their derived MLTSs.

The intuitive ideas outlined above underlie the formal interpretation of MAs in MLTSs. The essential ingredient in the

interpretation is the function on the states of a MA, defined by Rate(s) = > {%; | s |i> ti}.
Given a MA M as in Definition 2.1 the MLTS mits(M) is given by (S, Act;, —) where:

(a) for u € Act; the actions s M, A are inherited from M
(b) s %,  whenever s > t in M

A . — Ai .
(c) for e RY, s — A if Rate(s) =1 >0 and A =3 {p; -t | s+ t;} where p; = ﬁé(s).

Example 2.3. The derived MLTSs of the two MAs in Fig. 1 are given in Fig. 3. Note that the time dependent race between the
evolution of s to s, or sy in Fig. 1 is represented in Fig. 3 by a single arrow labelled by the total rate of s to a distribution
representing the chances of s; and s, winning the race. Similarly, in the second MA the race from v to vg, vp, v is now
represented by a single weighted arrow to a similar distribution. The weights on these arrows will be used for compositional
reasoning. O

2.2. Actions over distributions

In a MLTS actions are only performed by states, in that actions are given by relations from states to distributions. But in
general we allow distributions over states to perform an action. For this purpose, we lift these relations so that they also
apply to subdistributions [6].

Definition 2.4 (Lifting). Let R C S x Dg,,(S) be a relation from states to subdistributions in a MLTS. Then lift(R) C Ds,;(S) x
Dsup(S) is the smallest relation that satisfies

(i) s R ® implies s lift(R) ©, and
(i) (Linearity) A; lift(R) ©; for i € I implies (3_;; pi - Ai) lift(R) (3_;¢; pi - ©;) for any p; € [0, 1] with ;. pi =1, where I
is a finite index set. O
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Note that the definition of Linearity uses only a finite index set I; this is sufficient for our purposes as our primary focus
are on finite state systems. Indeed in the remainder of the paper all index sets can be taken to be finite, unless indicated
otherwise.

There are numerous ways of formulating this concept. The following is particularly useful.

Lemma 2.5. A lift(R) © if and only if there is a finite index set I such that

() A=Y pi-§i
(i) @ =3 ic; pi- O
(iii) s; R ©; foreachi € I.

Proof. (<) Suppose there is an index set I such that (i) A=), p;-$;, (ii) © = )_;; pi - ©;, and (iii) s; R ©; for each i e I.
By (iii) and the first rule in Definition 2.4, we have §; lift(R) ©®; for each i € I. By the second rule in Definition 2.4 we obtain
that (3, pi - Si) lift(R) (3_j¢; pi - ©1), that is Alift(R) ©.

(=) We proceed by rule induction.

o If Alift(R) ® because of A =5 and s R @, then we can simply take I to be the singleton set {i} with p; =1 and
O;=06.

e If Alift(R) ® because of the conditions A =3}, pi- Aj, ©i =) ;; pi - ©; for some index set I, and A; lift(R) ©; for
each i € I, then by induction hypothesis there are index sets J; such that A; =} ;. pij - Sij, ©i = )_jc, Pij - ©j, and
sij R ©;; for each i €I and j € J;. It follows that A=3";, Zjeji piDij - Sij, @ =Y iy Zjeh pibij - ©jj, and s;; R ©;; for
each i eI and j € J;. Therefore, it suffices to take {ij |i eI, j € J;} to be the index set and {p;p;j |i €, j € J;} be the
collection of probabilities. O

We apply this operation to the relations 2, in the MLTS for W € Act; s URT, where we also write 2, for lift(i>).
Thus as source of a relation —— we now also allow distributions, and even subdistributions. But note that § 5 A is more
general than s A In papers such as [27,5] the former is refered to as a combined transition because if § M, A then

there is a collection of distributions A; and probabilities p; such that s LN A; for each iel and A=}, pi- A; with

Ziel pi=1
Relations over subdistributions obtained by lifting enjoy some very useful properties, which we encapsulate in the fol-
lowing definition.

Definition 2.6 (Left-decomposable). A binary relation over subdistributions, R € Dg(S) x Dsyp(S), is called left-decomposable
if (3 jc;pi- Ai) R ©, where [ is a finite index set, implies that ® can be written as (3_;; p; - ©;) such that A; R ©; for
everyiel. O

Proposition 2.7. For any R C S x Dg,(S) the relation lift(R) over subdistributions is left-decomposable.

Proof. Suppose A = (3", pi - Ai) and Alift(R) ©. We have to find a family of ®; such that

(i) Ajlift(R) ©; foreachiel
(ii) ® = Ziel pi - O;.

From the alternative characterisation of lifting, Lemma 2.5, we know that
A:ZQj-.S_j SjR@j @ZZQj-@j
jeJ jel
Define ®; to be
Y oae (Y e
‘ A(s)
selA] {je]ls=s;j}
Note that A(s) can be written as ). Jis=s;) 4 and therefore
q; _—
Ai= Y A YD =5
. A(S)
selAf] {jeJIs=s;j}

Since sj R ©; this establishes (i) above.
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Fig. 4. Limiting internal moves.

To establish (ii) above let us first abbreviate the sum ;¢ s_s q—’s

i) A -©7 to X(s). Then Y, pi - ©; can be written as
IDIENOROEDY (Zpi-Ai(s)> - X(s)

se[A] iel se[A] Niel
=Y A(s)-X(s)
se[A]

The last equation is justified by the fact that A(s) =Y ";; pi - Ai(S).
Now A(s) - X(s) = ZUE]‘S:SJ,} qj - ®J and therefore we have

Y opicGi=Y Y g0

iel se[Al{je]ls=s;}

=Y q;-6
jel
=0 O
As a consequence we can now assume that the action relations A 2, © over distributions are both linear and left-
decomposable.
As remarked in [6], in MLTSs it is necessary to have an infinitary version of the standard weak internal action ' used

in LTSs.

Definition 2.8 (Hyper-derivations). In a MLTS a hyper-derivation consists of a collection of subdistributions A, A;”, A, for
k > 0, with the following properties:

A = Ay +A]

Ay -5 AT + AT

- T — X
Ay — Ad T A

o0
A=Y N (1)
k=0
We call A’ a hyper-derivative of A, and write A = A/. O

Example 2.9. Consider the MLTS in Fig. 4, where for graphical convenience we have multiple occurrences of the same
state sp. Starting from the initial state so an ever increasing number of internal T moves are performed before the eventual
timed X action, but with ever decreasing probability. This is captured formally in the following hyper-derivation:
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T 1 _ 1
2k+1) = 2 (k+2) L 2(+2) 51

where ¢ represents the empty subdistribution. Therefore,

_ 1 _
50:>Z?'S1

k>0
1
2k

that is sop = §7, because §1 =) ;_ g5 -S1. O

Note that in general hyper-derivations are defined over subdistributions. But as our example shows they can lead to
hyper-derivations between (full) distributions; indeed in the paper we will only use such instances of hyper-derivations. We
refer to [6] for more comprehensive discussion on hyper-derivations where they have been studied in detail. Here we will

only summarise the properties we require for the present paper.
Theorem 2.10. In an arbitrary MLTS, the relation — over distributions is

(i) linear
(ii) left-decomposable
(iii) reflexive and transitive.

Proof. See Appendix A. O

With these concepts we can now define the appropriate notion of weak moves in a MLTS, which we may then use
to define our concept of bisimulations. We write A == A’ to mean A => A’ and A == A’, for « € Acts UR", to mean
A= 5 = N

As a side remark we have:

Corollary 2.11. In an arbitrary MLTS, the action relations =L are both linear and left-decomposable.

Proof. It is easy to check that both properties are preserved by composition; that is if R;, i = 1,2, are linear, left-

decomposable respectively, then so is R1 - R,. The result now follows since 5 is formed by composition from two

relations which we know are both linear and left-decomposable. O
2.3. Markov bisimulations

Definition 2.12 (Markov bisimulations). For R € D(S) x D(S), where S is the set of states in a MLTS, let B(R) be the relation
over D(S) x D(S) determined by letting AB(R)® if, for each u € Act; s UR™ and all finite sets of probabilities {p; | i € I}
satisfying ;i pi=1,

(i) whenever A £ > ier Pi - Aj, for any distributions A;, there are some distributions ©; with ® £ Y i1 Pi - ©;, such
that A; R ®; for eachiel

(ii) symmetrically, whenever © LN Y ic1 Pi - ©;, for any distributions ©;, there are some distributions A; with A £
> ier Pi - Aj, such that A; R ©; for each i€ I.

A relation R is called a Markov bisimulation if R € B(R). The largest Markov bisimulation, which is guaranteed to exist
using standard arguments, is denoted by ~;. For most of the paper Markov bisimulation will be abbreviated to simply
bisimulation. O
Proposition 2.13. ~; is an equivalence relation.
Proof. Straightforward because of the form of the functional B. O

However, due to the use of weak arrows and the quantification over sets of probabilities, it is not easy to exhibit

witness bisimulations. We therefore give an alternative characterisation of ~; in terms of a relation between states and
distributions.
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Fig. 5. Derived MLTSs of MAs in Fig. 2.

Definition 2.14 (Simple bisimulations). For R € S x D(S), where again S is the set of states in a MLTS, let SB(R) be the
relation over S x D(S) defined by letting sSB(R)® fif, for each u € Act; s URT,

(i) whenever s L, A, there is some © =5 @', such that A’ lift(R) ®'
(ii) there exists some A € D(S) such that § = Aand © lift(R) A.

We use ~;s to denote the largest solution to R =SB(R). O

Note that both forms of bisimulation equivalence are defined for MLTSs. But in the paper we will apply them to the
states and distributions of MAs. For example, we write s~g,;; A, where s is a state in a MA M and A a distribution, to mean
s ~Xgpis A in the derived mits(M).

Example 2.15. Consider again the MLTSs in Fig. 3, derived from the MAs in Fig. 1. Here s ~,s v because the following
relation

2 2
is a simple bisimulation.
Now consider the MLTS in Fig. 4. We have already seen in Example 2.9 that 5o = §7, and therefore Sg :X> p; with
similar reasoning we can show that t; 2 p for every i > 0. It follows that the relation

{{si,7p). (h.p.55) | 1= 0.1} U {{tr. Xop). (h.p. &) | >0} U {(A.p, 7p). (p. D)}

is a simple bisimulation, and therefore sg ~s A.p, where, as we will see A.p describes in an obvious manner the MA which
does the timed action at rate A and evolves to the state p.

Now consider the MA in Fig. 2. We describe their MLTSs in Fig. 5 but note that the structure of the first automata does
not change. Let us examine the big MLTS whose state space and transition relation are the unions of those in the two sub-

systems. Here s %5 U because the transition s LN % -51+ % -5 cannot be matched by any transition from u. The state u

1 1
{<57 V)v <517 5" ﬁ"’ 5 V_c>, <5a7 V_a>’ (Sbv W>7 <SC! V_C>’ <V7§)7 <Vav S_Cl>’ <Vb,5_b>, (VC’S_C>}

cannot enable internal actions, so the only weak internal transition from u is u == ii. However, the derivative i is not able
to simulate § -57+ 1 -5 according to the lifted relation lift(~s). Suppose for a contradiction that (1 -57+ 1 - 52) lift(~spis) U.
Then we must have 51 ~gs U and sy ~gpis U; obviously neither of these holds. O

The precise relationship between the two forms of bisimulations are given by:
Theorem 2.16. Let A and ® be two distributions in a finitary MLTS.

(i) If A =25 © then there is some @' with ©® == @’ and A lift(~gs) ©’
(ii) If A lift(~gpis) © then A ~ps ©.

The remainder of this section is devoted to the proof of this theorem; it involves first developing a number of subsidiary
results.

Proposition 2.17. Suppose A lift(~gis) © and A LN A, in an arbitrary MLTS. Then there exists some distribution ®’ such that
O =5 0 and A’ lift(~g) 6.

Proof. Suppose A lift(~gpis) ® and A LNYNG By Lemma 2.5 there is a finite index set I such that (i) A =), pi - $i,
(i) ® =Y i, pi - O, and (iii) s; ~gpis O; for each i € I. By the condition A LN A’, (i) and Proposition 2.7, we can de-
compose A’ into ) ;. p;i - Aj for some A} such that §; aN Aj. By Lemma 2.5 again, for each i € I, there is an index
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set Ji such that A} = Zje],- qij - Al’.j and s; LN Agj for each j € J; and Zjeh gij = 1. By (iii) there is some @{j such
that ©; == G)i’j and Alfj lift (~gpis) G)i’j. Let ® = Z,-eueji pigij - @,/J Since == is linear by Corollary 2.11, we know that
O =3 i Di Zje]i qijOi £ 0. By the linearity of lift(~;), we notice that A" = (3~ pi ZjE]i qij - Agj) lift(~gpis) ©'. O

Theorem 2.18. In a finitary MLTS, if s ~gjs © and § == A’ then there is some @’ with ® == @’ and A’ lift(~gy;s) .
Proof. See Appendix A. The proof depends crucially on the restriction to finitary MLTSs. O
Corollary 2.19. In a finitary MLTS, suppose A lift(~gp;s) @ and A 5 A’. Then there is some ©' with ©® =% @' and A’ lift (~gpis) ©'.

Proof. Given the two previous results this is fairly straightforward. Suppose A =5 A’ and A lift(~pis) ©. If @ is T then the
required ®’ follows by an application of the theorem, since the relation == is actually defined to be —.
Otherwise, by definition we know A = A1, Aq LN Ay and Ay = A’. An application of the theorem gives a ®; such

that ® = @7 and A1 lift(~s;5) ©@1. An application of the proposition gives a @ such that © =£5 @, and A, lift(Rgpis) Oo.
Finally another application of the theorem gives ®, = @’ such that A’ lift(~ps) ©'.

The result now follows since the transitivity of hyper-derivations, Theorem 2.10, gives ® £ 0. 0
Theorem 2.20. In a finitary MLTS, A lift(~gpis) ® implies A ~p;s ©.

Proof. Let R denote the relation lift(xgs) U (lift(%is)) . We show that R is a bisimulation relation, that is R € B(R),
from which the result follows.
Suppose that A R ©. There are two possibilities:

(@) Alift(~spis) ©.
To show AB(R)® first suppose A £ Y ie1 Pi - Al By Corollary 2.19 there is some distribution ®" with ® =5 © and
(X ier Pi - A)) lift(Rspis) ©’. But by Proposition 2.7 we know that the relation lift(~;) is left-decomposable. This means
that @ =3 ;. p;i - ©; for some distributions ®] such that A lift(~;s) ©; for each i e I. We hence have the required
matching move from ©.

For the converse suppose ® LN > ic1 Pi- ©]. We have to find a matching move, A LN Y ic1 Pi- Al such that AR /. In

fact it is sufficient to find a move A == A’ such that Y ic1 Di - O] lift(~gyis) A, since (lift(~gpis))~' € R and the decon-
struction of A’ into the required sum ;. p; - A} will again follow from the fact that lift(~) is left-decomposable.
To this end let us abbreviate ) ;. p; - ©; to simply &’.
We know from A lift(~g;s) @, using left-decomposability, that ® = Zsem] A(S) - ©g for some O with s~ ©5. Then
by the definition of ~g;, § == A, for some A, such that O lift(spis) As. Now using the left-decomposability of weak
actions, from © == @’ we have ©' = 2 sera1 A(S) - ©¢ such that O =L ©/, for each s in the support of A.
Applying Corollary 2.19 to O lift(~sis) As we have, again for each s in the support of A, a matching move A; £ A
such that ©; lift(~gpis) As.
But, since § == A, this gives § £ A} for each s € [A7]; using the linearity of weak moves, these moves from the
states s in the support of A can be combined to obtain the action A £, Zse[m A(s) - A}. The required A’ is this sum,
Zserm A(s) - AL, since linearity of lift(~gp;s) gives A’ (lift(Rgpis)) 1O,

(b) The second possibility is that A(lift(xg;s)) "1 ©, that is @ lift(~;) A. But in this case the proof that the relevant moves
from ® and A can be properly matched is exactly the same as in case (a). O

We also have a partial converse to Theorem 2.20:
Proposition 2.21. In a finitary MLTS, § ~};; © implies s Xgpis ©.

Proof. Let ~4, be the restriction of ~p;s to S x D(S), in the sense that s~}. © whenever § ~;s ©.
We show that ~},. € SB(~},.). Suppose s ~;. O.

(i) First suppose s M, A’. Then since § ~pis @ there must exist some © =£5 ©’ such that A’ ~pis ©'. Now consider the
degenerate_ action A/ == thm A'(t) - &. There must be a matching move from ©', ® = 0" = thm A'(t) - 6
such that ¢~ @, that is t ~},_ O for each t € A].

By linearity, this means A’ lift(~3,) ©®” and by the transitivity of = we have the required matching move & NG
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Fig. 6. An MLTS.

(ii) To establish the second requirement, consider the trivial move & == @. Since S~%pis © there must exist a corresponding
move § == A such that A ~pis ©. By Proposition 2.13, we also have ® =;; A. Now by an argument symmetric to that
used in part (i) we can show that this implies the existence of some A’ such that A =5 A/, that is § == A’ and
o lift(~},) A'. O

But in general the relations ~;; and lift(~,;;) do not coincide for arbitrary distributions. Consider the MLTS in Fig. 6
and let A denote the distribution % -Sq+ % - Sp. Then it is easy to see that A ~;; § but not A lift(~;s) S; the latter follows

because the point distribution s cannot be decomposed as % -Og+ % - O so that Oy ~pis Sg and Op ~gpis Sp.
The nearest to a general converse to Theorem 2.20 is the following:

Proposition 2.22. Suppose A ~;s © in a finitary MLTS. Then there is some ©’ with @ = @’ and A lift(Rgps) ©'.

Proof. Now suppose A ~pjs ©. We can rewrite A as ) . ra1 A(S) -5, and trivially A = D serar A(S) - 8. Since ~ps is a

bisimulation this move can be matched by some ® N Zse[m A(S) - O such that § ~s ©. But we have just shown
in the previous proposition that this means s ~g;s Os.

By Definition 2.4, A lift(~g;s) ©' and therefore ©@ £, @' is the required move. O

Bisimulation equivalence, ~p;; from Definition 2.12, is our primary behavioural equivalence but we will often develop
properties of it via the connection we have just established with ~;s from Definition 2.14; the latter is more amenable as
it only required strong moves to be matched. However we can also prove properties of ~s by using this connection to
bisimulation equivalence; a simple example is the following:

Corollary 2.23. In a finitary MLTS suppose s ~g,;; © where s/T—>. Then whenever ® == &’ it follows that s ~gis ©'.

Proof. Suppose s ~gpis @, which means s lift (*gs) @ and therefore by Theorem 2.20 s /s @. The move @ == ©' must be
matched by a corresponding move from s. However since S7L> the only possibility is the empty move, giving §~;; @', Now
by Proposition 2.21 we have the required s ~,;; ®'. O

Corollary 2.24. In any finitary MLTS, the relation = is linear.

Proof. Consider any collection of probabilities p; with };_; p; =1, where I is a finite index set. Suppose further that
Aj ~pis ©; for each i € I. We need to show that A ~%;; ©, where A=), pi-Ajand ©® =), pi- O;.

By Proposition 2.22, there is some ®; with ©; == O and A, lift(~g;s) ©;. By Theorem 2.10 (i) and Definition 2.4, both

== and lift(~pis) are linear. Therefore, we have ® = © and A lift(~gpis) ©', where @' =", p; - ©]. It follows from
Theorem 2.20 that A ~p; O'.

Now for any transition A == (>je;4j-Aj), where ] is finite, there is a matching transition ©’ £ (X jej4j - ©j) such
that Aj &, ®; for each j e J. Note that we also have the transition ® £ (Zje_] qj - ®;) according to the transitivity of
= By symmetrical arguments, any transition @ £, (Zje] q;j-©j) can be matched by some transition AL (Zje] qj-Aj)

such that A~ @) for each je J. O

3. Composing Markov automata

In this section, we first introduce and language mCCS and show how to interpret it as a Markov automaton. Then we
prove that bisimulation equivalence is preserved by most of the operators in the language.
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Fig. 7. Composing Markov automata.
3.1. mCCS

Here we assume that the set of actions Act is equipped with a complementation function - : Act — Act satisfying a = a;
we say a is the complement of a. Then given two MAs, M; = (S1, Acty, —, >, ) for i =1, 2, their composition (M1 | M) is
given by (S1 | S2, Acty, —, >, ) where the set of states S1 | Sy ={s1|s2|s; € Sj,i =1,2} and the relations are determined
by the rules in Fig. 7. The rules use the obvious extension of the function | on pairs of states to pairs of distributions. To be

precise A | ® is the distribution defined by:
A(s1) - O(s2) ifs=s1]s2
0 otherwise

a1e)s =

This construction can also be explained as follows:
Lemma 3.1.

(i) AlE=Yserar A6)- G 1)
(i) A1 O =Y cro1O®) - (A ).

Proof. Straightforward calculation. O
Lemma 3.2. If M1 and M, are Markov automata, then so is (M1 | M2). O

Proof. Straightforward. It is simply a question of checking that the resulting automata satisfy conditions (a) and (b) of
Definition 2.1. O

We can internalise this composition relation by considering MAs which are par-closed:
Definition 3.3. A Markov automaton M is par-closed if (M | M) is already a sub-MA of M. O

The simplest way of constructing a par-closed MA is by interpreting a process algebra as a universal Markov automaton.
To this end we introduce the language mCCS whose terms are given by:

P,Q :=0|8.P|A.P, A\eRT |u:D, peAct; |[P+Q|P|Q |A

D= <@pi . P,-), where Zp,- =1
iel iel
where A ranges over a set of process constants, with each of which is associated a definition, A <= Def(A), where Def(A) is
some term in the language. mCCS is interpreted as a Markov automaton whose states are all the terms in the language, and
whose arrows are determined by the rules in Fig. 8, together with those in Fig. 7; we have omitted the obvious symmetric
counterparts to the rules (EXT.L), (EXT.L.L) and (EXT.D.L). Other operations, such as the standard hiding Q \a, a € Act, can also
be easily given an interpretation. We say a process P from mCCS is finitary if the sub-MA consisting of all states reachable
from P is finitary, and we use finitary mCCS to refer to the MA consisting of all such finitary P.

The rule (AcTION) uses the notation [D]], where D has the form (€, pi - Pi), to denote the obvious distribution over
process terms, whose support consists of the terms Pq,..., P, each with weight p; respectively. Most of the other rules
should be self-explanatory, although the justification for the rules for A transitions depends on non-trivial properties of
exponential distributions; these are explained in detail in [11]. Nevertheless this interpretation of mCCS is quite different
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P15 A P45
0P =5 A s P
(EXT) (EXT.D.L)

PSP, 0b, 045
P+Q5 P

PSP, 050

P+QS P +(

Fig. 8. Operational semantics of mCCS.

from that of other Markovian process calculi, such as those in [11,3]. First the actions w:D are insistent rather than lazy;
they do not allow time to pass. For example, the process (A.Q |a:P) is stuck with respect to time; it cannot let time pass.
This is because the parallel operator requires each component to perform a timed transition which a:P cannot do, before
time can pass. To obtain lazy actions one can define a.P by the declaration A < a:P + §.A. Then we have the transition

2.Q |a.P—> Q |a.P

by an application of the rule (PAR.L.T) to the transitions A.Q N Q and a.P LN a.P.

The parallel operator is even more constraining in that at most one of its components can perform a definite delay.
Again, this is reminiscent of many existing Markovian process algebras [2,3], although these tend to have delays associated
with external actions. But in the setting of mCCS the net effect is an operational semantics very similar to that in [9]. For
example, consider the process Q = (A1.P1 | A2.P3). This has three timed transitions

. A . . . y 5
(i) Q ¥ (P1| A2.P3) via an application of the rule (PAR.LT) to the transitions A1.P1 +—> P and Ap.P2 —> A2.P
.. A . o . Py
(ii) Q ©2 (3.1 Py | Py) via an application of (PARR.T) to the transitions A;.Pq —— A1.P and Ay.Py -2 Py
s . o . . 5 5
(iii) Q — Q via an application of either of (PAR.L.T) or (PAR.R.T) to the transitions A;.P1+— Aq.P1 and A1.P1+—— Aq.P1.

Proposition 3.4. mCCS, endowed with the actions from Figs. 7 and 8, is a Markov automaton.
Proof. It is just a matter of checking that the rules enforce the properties (a) and (b) from Definition 2.1. O

The language CCS is a sublangauge of our mCCS. Let ~ be the standard definition of observational equivalence for
CCS, for example as defined in Definition 6 on page 109 of [19]. Our behavioural theory is a conservative extension of this
standard theory:

Proposition 3.5. For all terms in CCS P ~ Q ifand only if P ~p;s Q.

Proof. Let P > P/, u € Acty, be the standard operational semantics for CCS terms, as given for example in Chapter 2.5
of [19]. Then it is straightforward to prove:

e P5 P/ implies P 5 P/
e P A implies A = P’ for some P’ such that P > P’

From these two points it is straightforward to prove the result. O
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3.2. Compositionality

The main operator of interest in mCCS is the parallel composition; we show that it preserves bisimulation equivalence.
This requires some preliminary results, particularly on composing actions from the components of a parallel composition.

Lemma 3.6. In a par-closed MLTS,

(i) A LNy implies A | © RNy | ©, for € Act;
(i) A1 —> A} and A, —> Al implies A | Ay — A} | A,

(iii) A1 - A% and Ay =25 A, implies Ay | Ay —2> Al | AL, ford =5, 1.

Proof. Each case follows by straightforward linearity arguments. As an example we outline the proof of (i). A . A’ means
that

A=Zpi'5_i si o A A/=ZP1"A1'

iel iel

For any state t, s; | t A A; | t using the rule (PAR.A) in Fig. 7. By linearity we have Y ;_; pi - (5i | f) N Yic Pi- (Ai ) and
this may be rendered as

A A
By the second part of Lemma 3.1 (A | ®) may be written as th@] O() - (A |t) and therefore another application of
linearity gives A | ® N Z[E[m O(t) - (A" | t) and by the same result this residual coincides with (A’ | ®). O

Lemma 3.7. In a par-closed MLTS,

(i) A= A’ impliess A | ® = A’ | ©
(i) A =25 A’ implies A | © == A’ | O, for v € Act
n
(iii) Aj == A/ and Ay == A/, implies A1 | Ay == A | A}
1 2 1 2
(iv) Aq :d> A% and A LN Al implies A1 | Az :d> A | A, ford =3, A

Proof. Parts (ii), (iii) and (iv) follow from (i) and the corresponding result in the previous lemma.

For (i) suppose A = A’. First note that a hyper-derivation from A to Y ;2 Af = A’, as in Definition 2.8, can easily
be transformed into a hyper-derivation from (A | £) to > 22,(A; | f). This means that for any state ¢t we have a (A |{) =
(A ).

By the second part of Lemma 3.1 (A|®) can be written as Zte(@] O(t) - (A|t), and since = is linear, Theorem 2.10,
this means (A | @) — th@] O(t) - (A" | t) and again Lemma 3.1 renders this residual to be (A’ | ®). O

Composing weighted actions in a MLTS is more complicated although we are helped by the fact that both weighted
. . . . . . 8
actions and § actions are unique, if they exist. For example, if A — A’ then we know exactly the structure A’ must take.
For every s € [A] there is a unique distribution A§ such that s 2, Aj and A’ must coincide with As = Zse(m A(s) - AS.

Similarly, if A has any weighted action it must take the form A NN Ay for some A € R™ where Ay = Zserm A(S) - AS,

. . I . 2
and each A3, is the unique distribution, guaranteed to exist, such that s — A3 .

Theorem 3.8. Suppose

. ALAﬁandA—%Ag

e0 L0, amdo - 6;

Bty
Then A | @ — 50 - (Ap | 05) + 52 - (A5 ©y).
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Proof. We look at three cases:

(i) First suppose A, ® are single point distributions $, t respectively.

(ii

(iii

=

=

In this case s LN Ap means that in the underlying MA

o5 »ﬁ> s; for i € I, where I is a non-empty family

* B=2ici Bi

® Af‘=ZieI%'s_i'

Note that in the notation developed above, Ag coincides with A$,. Moreover A; coincides with Ss.
Slmllarly ®;s is ts and we have

. t|—> tj for j ranging over some non-empty family jJ
o y= Z]e] Vi
Y
° Oy =AMy =Yjc; 3L
Note that, still in the MA, this means

Vi ; .
s|t|i>sl|t5 $|t|—1)55|tj foralliel, je ]

Now in the derived MLTS these give rise to the weighted action
- (ﬂ+}/) Z Bi — Vi —
STt 4y =551t
~ (B+V) ~(B+y)

But the sum ) ;, (/3+y) s, | ts can be rewritten as (}_;; (/3+y) -§7) | ts, which coincides with (ﬂ+y) (A3, | €s).

Similarly the sum Z;e] (ﬂ+y) -Ss | ti tj can be rewritten as - (55| AL,) and therefore we get the required move

(ﬁ+y)

_ Bty P s |~ v
i 2 (A, | )+ ——
HE= Gy B+

Let us generalise this to the case of an arbitrary A, but where @ is still the one point distribution ¢.
From Lemma 3.1 A |t = Zsem] A(s) - (s|t). Applying (2) above, by linearity we get the move

- (B+7) B s B Y 55 | AL
AJE=" )" AGs A |E d Al —— (5] A
| seral ) B+y) g 5)+Sew © B+v) &)

(55| Al) 2)

In this case note that, since weighted moves are deterministic, Ag = Zse(m A(s) - A3, and A5 = Zse[m A(S) - S5.

Therefore the first sum in this residual can be rewritten as ﬁ - (Ag | t5) and the second as (pj:—y) (As | AY) and
so we have the required move
FBy B t
Alt —> (Mg | ts) + As| A (3)
B+ F (ﬂ+ Gy Bolaw)

Let us finally consider an arbitrary A and @. Again we use Lemma 3.1; this time part (ii) gives A | ® = Zterm o) -
(A | t). Again linearity and (3) above gives us the move

(B+7) B ¢
INICRAZUD SRCICE (BplE)+ Y O (s ay)
(€101 B+ <101 (ﬂ+y)

Now using the fact that ©5 = Zterm O(t) - ts and ©, must be Zterm O(t) - AL, this can be rewritten into the
required move:
B+y) B 14
Al — ——(Ap|Os)+ —— - (As]10y) O
Bty 7 B+y ’

Theorem 3.9 (Compositionality of ;). Let s, t be states and @ a distribution in an arbitrary MA, if s Xgpis © then s | t Rgpis © | t.

Proof. We construct the following relation

={G1t, 010 |s~uwi O}

and check that R C SB(~is) in the associated MLTS. This will imply that R C ~g;, from which the result follows. Note
that by construction we have that
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(a) A1 lift(=gis) A2 implies (A1 | @) lift(R) (A2 | ®) for any distribution .

We use this property throughout the proof.

Let (s|t, ® | t) € R. We first prove property (ii) in Definition 2.14, which turns out to be straightforward. Since s ~g; @,
there is some A such that § == A and @ lift(~gpis) A. An application of Lemma 3.7(ii) gives 5 | == A | £ and property (a)
that (® | ) lift(R) (A | ).

Let us concentrate on property (i): we must prove that every move from s |t in the derived MLTS has a matching move
from @ | t. The first possibility is that s |t 2y 1 with /€ Act; the matching move from © |t depends on the derivation

of the move s |t M, I from the rules in Fig. 7.

e Suppose I" is A’ |, where s 2, A’. Here we have ©® =% ©’ such that A’ lift(~gpis) ©', since s ~gi; ©. Moreover by
Lemma 3.7(ii), we can deduce © | i 0|t Again by (a) we have (A’ |t, ®' | ) € lift(R), and therefore a matching
move.

e Suppose I" is 5| A’ where t 5 A’. Here a symmetric version of Lemma 3.6(i) gives © | io | A’. This is the required
matching move since we can use (a) above to deduce (5| A’, ® | A') € lift(R).

e The final possibility for @ is T and I" is (A1 | Az) where s LN A1 and N A, for some a € Act. Here, since s ~g;; ©,
we have a move © == @’ such that A lift(R~pis) ©’. By combining these moves using part (iii) of Lemma 3.7 we obtain
O | == 0 | As. Again this is the required matching move since an application of (a) above gives (A1 | Az, ®' | Ay) €
lift(R).

Now suppose s |t —> I" in the MLTS. In this case it must be that I" = Aj | ®s where these two distributions are the unique
ones such that s — Ag and PN ©®js. This case is very similar to the previous one, but using part (iv) of Lemma 3.7 rather
than (iii).

The final possible move, the most complicated case, is s | r %, I for some A € R*. This move in the derived MLTS must
be because in the underlying MA there are a non-empty set of timed transitions from s | t whose residuals combine in the
derived MLTS to form I". These individual timed transitions come in two forms, depending on whether they are inferred by
the rule (PAR.L.T) or (PAR.R.T) from Fig. 7. Hence, there are two disjoint index sets Iy, I, such that

(i) For each i € I1 we have sn& s;, and t»—6> ts
(ii) For each i € I, we have ARAN tj, and s»i> Ss
(i) I' =3 ey, ,35_1;/ “(5i | £8) + Yier, gy - (55 | 6)) where B=3";; Biv ¥ =i, viand A= +y.

In the following argument we assume that both index sets I1 and I, are non-empty; when either are empty the reasoning
is simpler and is omitted.
Before proceeding let us first reorganise I' so that it is expressed in terms of the derived weighted actions from s and t.

First note that s i> Aw, where A,, denotes Zieh % -S; and t AN I'y, where Iy, is Zielz % - t;. Then with some simple
reorganisation we can see that
B ~ Y —
N=s—— (Aw|ts) +———-Gs | Tw)
B+y B+y
We have to find a weak move © |t 0 1 such that I lift(R) I''.

First consider the move s i) Ay . Since s ~gpis © there is a matching move of the form ® = ©, i> Op = Oy such
that Ay Lift(Rspis) Ow.

Now, since 57L>, an application of Corollary 2.23 gives us that s ~g,;; ©4. Hence, we also have a matching move from Oy
for the move s — Ss. Moreover, since (»«)di> we know by maximal progress that (—)d/r—x Therefore, the matching move

s — .
must take the form ®y — @5 = ©’ such that §; lift(~gs) O'.
We are now ready to construct the required matching move:

Ot = O4tf

B+y) B — 14

L (@) + —— (O | T
Bty (®p | ts) Bty ©®s | T'w)

:>L-(@W|5)+L.(@/\Fw)

B+y Bty



154 Y. Deng, M. Hennessy / Information and Computation 222 (2013) 139-168

Here the second move is an application of Theorem 3.8 and the third an application of Lemma 3.7 (i) and the linearity
of =.

Letting I’ denote this residual, it follows from property (a) above that I' lift(R) I'/, since Ay lift(~gi5) ©y and
S35 lift (i) ©'. O

Corollary 3.10. In an arbitrary MA, A lift(~gis) © implies (A | I') lift(Rgpis) (© | T')
Proof. A simple consequence of the previous compositionality result, using a straightforward linearity argument. O

Theorem 3.11 (Compositionality of ~p;;). Let A, @ and I" be any distributions in a finitary par-closed MA. If A ~p;is @ then
A=y O|T.

Proof. We show that the relation

R={(A|T,0|I) | A=pis O} Uy

is a bisimulation, from which the result follows.

Suppose (A | I, ® | I') € R. Since A ~p;; @, we know from Theorem 2.16 that some ®’ exists such that @ == ©’ and
A lift(~gpis) ®' and the previous corollary implies that (A | I') lift(Rgpis) (@' | I'); by Theorem 2.16 this gives (A | I') ~p;s
@'11).

We now show that R € B(R). Consider the actions from (A | I') and (@ | I'); by symmetry it is sufficient to show that
the actions of the former can be matched by the latter. Suppose that (A | I") LN (3-ipi-A). Then (©'|I) LN Gipi- )
with Af = O] for each i. But by part (i) of Lemma 3.7 (© | I') = (@' | I') and therefore we have the required matching

move (6 | ') == (Y pi-©). O

A particular application of this compositionality result is that bisimulation equivalence is preserved by the parallel opera-
tor | in the language mCCS. As expected it is not preserved by the choice operator; the standard example from CCS applies:
7.0.0 ~pjs a.0 but b.0 + 7.a.0 %y; b.0 4 a.0. Recall that terms are interpreted as states in the MA for mCCS and therefore
these results are expressed using point distributions.

However, bisimulation is preserved by all the other operators.

Proposition 3.12.

(1) F Rbis a implies ﬁ Rpis m and §.P Rpis m
(if) [D1 ~pis [ET implies 4:D ~pis [4:E.

Proof. Straightforward, by first proving the corresponding results for ~,;s. We outline one example.

Let R ={(A.P,%.Q) | P ~p;s Q}. Recall from Proposition 2.22 that if P~ Q then there is some ©’ such that Q = o’
and P lift(~gpis) ©'. With this remark we can show that R U ~;s is a simple bisimulation.

e Consider the strong move from A.P in the derived MLTS, A.P N P; this can be matched by x.Q - 0.

e The move A.P —>> i.P is matched by 1.Q LN X.Q, as A.Plift(R) ».Q holds by definition.
e Also A.P == X.P via the empty move and by definition %.Q lift(R) x.P.

It follows that if P ~z;; Q then A.P asg; .Q. But now an application of Theorem 2.20 gives the required A.P ~pis 4.Q. O
4. Soundness and completeness

Consider an arbitrary par-closed MA M = (S, Act;, —, ). Experimenting on processes in M consists in observing what
communications a process can perform, as it evolves by both internal moves and the passage of time. We make this precise
in the following definition:

Definition 4.1 (Evolution). Let A=A’ be the least reflexive relation satisfying:

(a) A=»A; and A; == A’ implies A=A’
(b) A=» A7 and Aq YN implies A=—»A’, where A ¢ R
(c) A=A for each i € I, where [ is a finite index set, implies (3 _;; pi - A)==( i, pi- A} forany ) ;,;pi=1. O
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Thus A=A’ is a relation between distributions in a MA which allows reduction either by internal actions 7 or definite
delay actions A; with the latter the reductions are to distributions determined by the rates of the states in the support of
A. But it is important to note that the passage of time is not recorded directly, and indeed passes at independent speeds in
the individual states in the support of A. For example, suppose A is % A1+ % - Ay where A1, A; are 2)\.(% b+ % -a) and

4A.(% b+ % -C). Then A:»% b+ % -a+ % - ¢, despite the fact that in A, time passes at twice the rate as in Aj.

Definition 4.2 (Barbs). For A € D(S) and a € Act let V,(A) = Z{A(s) |s—a>} We write Ail>p whenever A—p»A’, where
Va(A') > p. We also we use the notation P >0 to mean that P |7 2P does not hold for any p>0. O

Then we say a relation R is barb-preserving if A ilfp iff © ufp whenever AR ©. It is reduction-closed if AR @ implies

(i) whenever A=—pA’, there is a ®=p©’ such that A'RE’
(ii) whenever ®=@’, there is a A=» A’ such that A’ R @'.

Finally, we say that in a par-closed MA R is compositional if A1 R A, implies (A1 | ®) R (A | ®) for every distribution ©.

Definition 4.3. In a par-closed MA, let ~,;,. be the largest relation over the states which is barb-preserving, reduction-closed
and compositional. O

Example 4.4. Consider the two processes P1 =11.Q1 and P = A2.Q» where A1 < Ay and Q; are two arbitrary processes.
We can show that Py %, P2 by exhibiting a testing process T such that the barbs of (P1|T) and (P, | T) are different. For
example, let T =48.7.0 + Ay.succ. In (P; | T) there is a race between two timed events; in (P, | T) their rates are Aq versus
A2 while in (P | T) both events have the same rate. If the timed event in the test wins out, the action succ will occur.

Consequently (P1 | T)ljsm However, (P, | T) does not have this barb; instead (P | T)llsucc, where q = ; q is strictly

t+h +A ’
smaller than 1 3 since A1 < A3.

It follows, by a suitable instantiation of Q1, Q2, that A1.A2.P %;pc A2.A1.P when A1 and A; are different. O

Example 4.5. Consider the processes P1 =a:Q, P, =a.Q, and P3 = A.P,, where Q is an arbitrary process, and we have
seen that a.Q is shorthand for a recursively defined process A < a:Q + §.A.
Note that according to our semantics P; does not let time pass. Let T be the testing process A.(a.succ+ t.0). The process

P1| T cannot evolve, thus (P | T) JJ;& However we have Py | T +i> Py | (a.succ+ t.0) LN Q | succ, thus (P | T) uj,}c The

only comparable barb for P3 is (P3| T) ilsucc, because if the timed event in the test takes place, then by maximal progress
the 7 action must happen before the timed event in the process. It follows that the three processes P, P, and P3 can be
distinguished. O

Example 4.6. Consider the two MAs s and u from Fig. 2, discussed in the Introduction. Let T be the process t.5.a.succ +
7.8.b.succ and A denote the point distribution 0 [ succ. Since s | T=»A, we have (s | T) 11536.

However, the weak derivatives of u | T under the evolution relation are very few, and one can easily check that none of
them will have exactly the barbs of A because if (u|T) l}succ then p is at most % It follows that s %, u, i.e. s and u are
indeed behaviourally different. O

Lemma 4.7. The relation = over distributions is linear and left-decomposable.

Proof. The relation — is linear by definition. For left-decomposability, we proceed by rule induction. The relation —»
contains the identity relation and is closed under the three rules (a), (b) and (c) in Definition 4.1. As an example, we
consider rule (a).

Suppose (Y ;c; pi - A=A’ == A”. By induction, there are distributions A} such that A"=3% ", pi- A and Aj=pA]
for each i € I. By Theorem 2.10 the relation == is left-decomposable. Hence, there exist distributions A} such that A" =
Y ic1 Pi- A and A] = A? for each i € I. It follows that A=A/ for each i € I, by using rule (a) in Definition 41. O

Proposition 4.8. In an arbitrary MA, =~ is reduction-closed.

Proof. Suppose A ~;; ©® and A= A’. We have to show that ®=p A’ such that A’ ~;; ©'.
The proof is by rule induction on how A=A’ is derived using the rules (a), (b) and (c) in Definition 4.1. The base case
is, by reflexivity, when A’ is A, and is trivial. Hence, there are three cases:
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(a) Suppose A= A" == A’ for some distribution A”. By induction, there is some ©” such that ®=©" and A" ~;; @'
The latter implies the existence of some ®’ such that ®” == ©’', which yields ©==-0’, and A’ ~p;; ©'.

(b) Suppose A=—pA" 5 A’ for some distribution A”. As in the last case, it can be shown that there exists some ®’ such
that ©==0’ and A’ ~p; O'.
(c) Suppose A=) ;. pi-Aj, A'=3 " pi- A}, and A== A] for each i in a finite index set I, where ) ;; p; = 1. It follows

from A~ © and A == > ic; Pi- Aj that © == Y ic; i - O; for some ©; with A; =5 ©;. By induction, there exists O
with ©;== 0] and A}~ O] for eachiel. Let ®' =3, p; - ©]. By Lemma 4.7, the relation = is linear. Then we
have (3~;, pi - ©))=»0O’, thus ©=»©O’. By the linearity of ~;, Corollary 2.24, we also have A"~ ©'. O

Theorem 4.9 (Soundness). In a finitary par-closed MA, if A Xp;s © then A ~y ©.

Proof. Because of Theorem 3.11 and the previous proposition it is sufficient to prove that ~; is barb-preserving.

Suppose A =i @ and Aufp, for any action a and a probability p; we need to show that ® ilfp. We see from Au?”
that A=A’ for some A’ with V;(A’) > p. By Proposition 4.8, the relation ~; is reduction-closed. Hence, there exists

@' such that ©=©' and A’ ~;; @’. The degenerate weak transition A’ == Zsem/] A’(s) - 5§ must be matched by some
transition

0= Y As) O (4)
se[A"]

such that § ~p;; /. By Proposition 2.21 we know that s ~gy; @, for each s € [A’]. Now if s—s, then K ==, that is
K = e/ —%, for some distribution O Let S, be the set of states {s e [A] | s—a>}, and ®@” be the distribution

<Z A(s) - (~)§> + ( > A @s’>
seSq SE[A\Sq
By the linearity and reflexivity of =%, Theorem 2.10, we have
< > A @;> = 0" (5)
se[A"]

By (4), (5) and the transitivity of =, we obtain ® = ©@”, thus ®=>©".. It remains to show that V,(0") > p.
Note that for each s € S; we have (~)S”—a>, which means that V,(®!') = 1. It follows that

V(@)=Y A () Va(O))+ D A'(s) - Va(65)

s€Sq Se[A"\Sa
> A(s) - Va(OF)
seSq
=) A®
seSq
—va(a)
Zp a

In order to establish a converse to Theorem 4.9, completeness, we need to work in a MA which is expressive enough
to provide appropriate contexts and barbs in order to distinguish processes which are not bisimilar. For this purpose we
use the MA determined by the language mCCS in the previous section. For the remainder of this section we focus on this
particular MA.

Lemma 4.10. In mCCS, ifs—)”> for any weight A € R then s—8>.

Proof. A straightforward induction on the derivation of s ., A from the rules in Figs. 7 and 8. O

We will eventually establish the completeness by showing that ~. is a bisimulation, but this requires that we first
develop a series of auxiliary properties of &% in this setting. The technique used normally involves examining the barbs
of processes in certain contexts; the following lemma gives extra power to this technique. Here, as in the remainder of the
paper, we abbreviate the process c:0 to ¢, for any action name c.
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Lemma 4.11. In mCCS suppose (A | succ) p@® A" ~ppe (© | succ) p@ @ where p > 0 and succ is fresh name. Then A ~pc ©.

Proof. Consider the relation

R={(A,0)[(A]0)p® A" ~pc (O | 0) p® O for some A’, ® and fresh c}

We show that R C =, by showing that R satisfies the three defining properties of ~..

(1) R is compositional. Suppose A R ®; we have to show that A | RO | &, for any distribution @. Since A R & there
are some A’, @ and fresh ¢ such that

A=y I where A=(A|¢) p® A, I'=(O|¢) p® 6O’ (6)

Since ~p, is compositional, we have A | @ ~. I' | @. Therefore, (A | ® |¢) p® (A’ | ) e (O | P | ©) & (O | D),
which means, by definition, that (A | ®)R(O | ).

(2) R is barb-preserving. Suppose A i}fq for some action a and probability q, where A R ®. Again we may assume (6)
above. Consider the testing process a.c.b, where b is fresh. Since &~} is compositional, we have (A | a.c.b) ~p (I |
a.c.b). Note that (A |a.c.b) i}qu, which implies (I" | a.c.b) i}qu. Since c is fresh for @, the latter has no potential
to enable the action ¢, and thus ®’ |a.c.b is not able to fire the action b. Therefore, it must be the case that (® | c |
a.c.h) ufq, which implies © §29.

(3) R is reduction-closed. There are three steps to this proof.

(i) We first show that R is closed with respect to =. Suppose A R @ and A == A" for some distribution A”. Let
I and A be determined as in (6) above. Then I' = (A" | ¢) p® A'. Since A &y, I', there is some I'” such that
I'=»I"and (A" |c) p® A"~ I''. Since the component © | ¢ cannot enable any weighted action, neither can I".

Then it must be the case that I == I'"’. In other words, there are some ®”, ®" such that I = (©" | ¢) »®O"
with ©® == ©” and @' == ©”". Thus (A" | ¢) p@® A’ ~ppe (O | ¢) @ O Thus by definition A” R ©".
(ii) Next, we show that R is closed with respect to weighted actions, in the following sense. Suppose AR ® and A 2,

A" for some rate A and distribution A”. We prove that & £/> ®" for some arbitrary weight A" and distribution ®”
such that A" R ®".

Again we use the notation from (6) above. Since A =~ I’ and =~y is compositional, we have A | T = I' | T
where T is the testing process c.(fail + §.c”) for some fresh actions fail, ¢’. The transition

A|T=pA" | @ A |T

must be matched by some transition (I" | T)=»® with (A” | ¢’ ;@ A’ | T) X @. Since . is barb-preserving,

we have @ §>°, @ J&;ﬂg and @ l}?p. This can happen only if ® é ®” for some ®” and arbitrary weight A/, as ©’
cannot enable action ¢ so as to fire ¢’. Thus & is in the form ®” | ¢’ ;@ ©’ | T, and therefore by definition A” R ©”.
Finally, using (i) and (ii), we can now show that R is reduction closed. Suppose A R ® and A=—p»A’. We can use
induction on the proof of this derivation from the rules in Definition 4.1 that this can be matched by a derivation

O=»O' such that A’ R®’. O

(iii

=

Proposition 4.12.

(i) In an arbitrary MLTS the relation ~. is linear.
(ii) (Weak-left-decomposable) In mCCS, if (3 ;c; Pi - Ai) ~be ©, where I is a finite index set, then there are some ©; such that

0= Y ic1 Pi- O and A; ~pc O for eachi € I.

Proof. (i) Let R be the relation
{((Zpi . Ai), (Zpi . @,-)) ‘ Aj = O foralli e I}
iel iel

where as usual we assume all index sets I to be finite. We will show that show that it is reduction-closed, barb-preserving
and compositional. From this we will have that R C ~, and then linearity follows.

e R is reduction closed. Suppose A R ® and A= A’. By the construction of R we know that

A:Zp,wA,- @:Zpi-@,- with A;j &~ ©; foreachi el (7)

iel iel
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By Lemma 4.7, the relation = is left-decomposable. That is, there are distributions A} such that A’ =}, p;- A} and
Aj==A] for each i € I. Since A; = O, there exists ©] such that ©;== 0] and A}~y O]. Let @' =) ;. pi - O]. By
Lemma 4.7, the relation = is linear, which implies ©=p®’. Moreover, note that (A’, ®') € R.
Evolutions from @ can be matched by A in the same manner.

e R preserves barbs. Suppose AR ® and Al}fp; that is A=A’ for some A’ with V;(A’) > p. We have just shown
that R is reduction closed. Therefore, there is some ®’ such that ©==©’ and A’RO’. The latter means that there are
distributions A;, ®; and probabilities q; such that A’ = Zjej qj-Aj, ©' = Zje] qj-©j, and Aj =~y O; for each je J.

Clearly, A; i}fv"mj) holds. Then @j:b@;. for some (9} with Va(@}) = Va(A)). It follows that O'=»3";.,q;- @)} and

Va(qu : @;) =Y qVa(0)) = qiVa(A) =Va(A) = p
jel jel jel
Note that we also have ®—p» Zje] qj - @} by the transitivity of = and consequently we obtain the required barb,
ezP.
e R is compositional. Suppose ARE®. We have to show (A | ') R (A | I') for an arbitrary distribution I". Using the
notation from (7) above, the compositionality of ~. gives (A | I') ~pe (@ | I') for each i € I. Since A | I' =), pi -
(AiIT)and © | "' =3, pi - (O; | I') we therefore have the required (A |I",® |I') € R.

(i) Without loss of generality, we assume that p; # 0 for all i € I. Suppose that (3", ; pi - Aj) ~pc ©. Consider the testing
process T =b+ ;. T:a;, where a; and b are fresh actions. By the compositionality of ~c, we have (3 ;¢ pi- Ai) | T ~ppe
O|T.Now Qi pi-ADIT = Y icr Pi - (Aj | aj). Since ~p, is reduction-closed, there is some I" such that ©® | T=»TI
and Y ;. pi - (Aj | a;) ®mpe I Note that @ | T cannot enable weighted actions, so we actually have © | T =T.

The barbs of Y, pi - (A; | a;) constrain severely the possible structure of I". For example, since I" JJ;O, we have I' =
> ke Ak - (O | ay,) for some index set K, where © = > kdk - Ok and k; € I. For any indices kq and ko, if ay, = ai,, we can

iy - 03

.6 2
Qg+, K + iy iy
2Di

Oy,). In this way, we see that I" can be written as ) ;.;q; - (@; | a;). Since I' U7, q; > p; and Y, pi =D ;i qi =1, we
have p; =q; for eachiel.

Therefore the required matching move is @ = D i1 Pi - ©;. This follows because ) ;. pi - (Aj | ai) Rpe Y ier Pi - (O | ay),
from which Lemma 4.11 implies the required A; ~ ©; for eachiel. O

combine the two components gy, - Ok, +qx, - Ok, into one component (qx, +qx,) - Ok,, where O, = (

Although by definition ~ is closed with respect to the evolution relation =, we can prove that it is also closed with
respect to the individual components, and indeed the definite delay operator, in mCCS. This is proved in the following three
propositions. First a straightforward case.

Proposition 4.13. Suppose A ~p. @ in mCCS. If A 5 A with W € Act; then ® 5 ©’ such that A Reppe @',
Proof. We can distinguish two cases.

(1) w is t. Then for some fresh action succ we have A |succ =~ @ |succ and A | succ=» A’ | succ. Since ~p. is reduction
closed, there is some I" such that © | succ=p»I" with A’ |succ~y I'.
Note that because of the operational rules for parallel composition, in Fig. 7, and the fact that actions are insistent, the
process ®” | succ cannot perform any weighted actions, definite or otherwise, for any distribution ®”. Hence, it must

be the case that I" has the form @’ |succ with ® = @’. By Lemma 4.11 and A’ | succ ~pe @' | succ, it follows that
A e O,

(2) w is a, for some a € Act. Let T be the process fail + a:succ where fail and succ are fresh actions. Then A | T=» A’ | succ.
Since A ~;pc ©® we know A | T =~ @ | T. Since =~ is reduction-closed, there is some I" such that ® | T=—»I" and
A’ | succ A I'. But again because of the use of insistent actions in the test T we actually must have @ | T == I".
Since =~ is barb-preserving we have I” JJFGS and I LL?L,ZC. By the construction of the test T it must be the case that

I' has the form @’ | succ for some ©' with ©® == ©@'. By Lemma 4.11 and A’ | succ ~p. @' | succ, it follows that
N ~p O, O

To prove that ~ is closed under weighted actions is considerably more difficult. In order to organise the proof it is
convenient to introduce some notation. Let us say a state s is stable if s7¢T—> and a distribution A is stable if s is stable for

every s € [A7]. Note that if A-5 then A is stable.

Lemma 4.14. In mCCS, suppose s 2, Ay and § ~ t, where t is stable. Then there exists some t L5 O’ such that Ay Rppe O,
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Proof. First consider the test process 3.succ where succ is a fresh action. Then § | §.succ~yt | 8.succ and since s — A, we
know (s | §.succ) ilfugc. Since Az is barb-preserving this means that (f | §.succ) u?ulc, which can only be the case if there is
some weighted derivative t 25 ©,,. Thus we have two goals; namely show that A = A and ©,, == ©’ for some distribution
such that Ay, = @',

By Lemma 4.10 we know that both s and t also have § derivatives; in fact because they are states in mCCS they happen

. e s s~ .
to be point distributions, of the form s — S5 and t — t5 respectively.
Let T be the test process

fail; + 8.(t .succq + faily) + A.succy

where succy, succy and faily, fail, are all fresh actions. Then § | T:»% -(Aw | succy) + % - (S5 | succy). Since § | T &t | T and
~pc i reduction-closed, there is some I} such that £ | T==1I} and

1 1 _
(5 - (Aw | succr) + 3 (Ss ISUC62)> Rrpe It (8)
By Theorem 3.8 we have the weighted move
E|Ti§ he - (Ow | (z.succy + faily + A.succ ))+L-(t_|succ) (9)
PP IR A it 2 Asuc)) + ol 2

Since ~p. is barb-preserving and I} Mfzg]’ the state t must contribute some action in the derivation t | T==I;. The
contributed action is not a T action since t | T<>, so the weighted action in (9) must happen. Thus,
At
Ae+ X

A _
(Ow | (t.succy + faily + A.succy)) + . (£5 | succy)=> I}
t

Since I} Jﬁaﬁz, we have

A , _
T (Ow | (z.succy + faily + A.succy)) + i n (€5 | succy)
A A
L i ((~)t2 | succy) + P (@? | succy)
:>1—'t

for some 2, ®F with ©,, == ©2 and f5 = ©7. Since neither ©? | succ; nor ©F | succy can perform any weighted action,
in the last step of the above reasoning we can replace =% by ==. Therefore, there are some &7, @f such that

At 4 A 5
It = -(®/ |succr) + —— - (O] | succ 10
t )‘-t + A ( t ’ l) )‘-t + A ( t ! 2) ( )
. 2 T 4 3. T 5 o >3 >3
with O = 6 and ©; = 6. Since I' {5, and I' {gé,, we have

A 1 A 1
! >_  and > = (11)

AT 2 rt+ArT 2

From the two inequalities in (11) we obtain one of our goals, namely A; = A.
Thus (10) can be simplified to

Ii= % (68| succr) + % (67 | succy)

Then an application of Lemma 4.11 to (8) above gives that A, =~ (»«)[4. This establishes our second goal because
Ow == 6} O

Lemma 4.15. In mCCS, suppose A ~ © and A5 Then there is a stable ©, such that ©® == O, and A e Oe.

Proof. First consider any hyper-derivative of ®, ® = 0. By Proposition 4.13 there is some A’ with A == A’ and

A~ O, But since A—"5 we know that A is stable. Therefore this A’ must be A itself. In other words every hyper-
derivative of @ is reduction barbed congruent to A. In order to prove the lemma we need only find some stable hyper-
derivative of ®.



160 Y. Deng, M. Hennessy / Information and Computation 222 (2013) 139-168

Let succ be a fresh action. Since A ~;, ® and (A | §.succ) 1;5,36 it follows that (© | §.succ) 1;5,36. That is, there is some
derivation ® | §.succ=» A, such that Vg,(A) > 1. We prove by induction on this derivation that there is some stable ©®,
such that ©® == Oe.

To this end, it is convenient to rearrange the inductive definition of the evolution relation in Definition 4.1 slightly.
Clearly the derivation © | §.succ=» A cannot follow from reflexivity. Therefore, there are three possibilities.

(i) © | é.succ —ﬂ> A’, where A’=p A. Here we must have t i> ©F, for each t € [@], and maximal progress also ensures

that t£. In this case we can take the required ®, to be @ itself.

(ii) © | 8.succ== A’, where A’=p A. Here it is straightforward to show A’ must have the form ©’ | succ where ® == &’
and the result follows in a straightforward manner by induction.

(iii) The final possibility is that @ | 8.succ=7) ;. pi - A; where A=}, p; - A}, and A;==A] for each i e I.
Then each A; must be in the form ©; | §.succ and ® =}, pi - ©;. By induction each ®; has some weak stable
derivative ©;. Let ©° =), p; - ©f. Clearly, ©° is a derivative of ® and moreover is stable. O

Proposition 4.16. Suppose A ~p. © in finitary mCCS. If A 2, Ay with > € RT then ® 5 ©’ such that Aw Rppe O,

Proof. Because of the previous lemma we may assume that @ is stable. Clearly, A can be written as Zsel’ NEORES and
so by Weak-left-decomposability, Proposition 4.12, and the fact that @ is stable, we know that ® = st A1 A(s) - ©s, where
for each s, § ~;p. ©s. Now, because ~. is symmetric, by another application of the same result to § ~;. ®s we also know

that for each such s, § &~ t for each t € [©s]. These are all stable and so we can use Lemma 4.14 to find a P2 O such
that A, ~c ©;, where A3, is the unique distribution such that s N A3,

We now combine, for a particular ®; all these weak A-actions, using Linearity from Corollary 2.11, to obtain ®g :k>
> tefo,) @s(t) - Or. For convenience let us use O to denote this residual, and note that by Linearity A}, ~pp. 6.

Because of the determinacy of weighted actions in a MLTS, we know that A, in the statement of the Proposition can be

written as } ;a7 A(S)- Aj,. Moreover, another application of Linearity for weak A-actions gives that © :“stew A(s)- 0.
It therefore follows by the Linearity of =y, Proposition 4.12, that A, ~c Zse[m A(s)-©; O

Proposition 4.17. Suppose A ~, ® in mCCS. If A %5 A then © == O such that A’ Reppe @',
Proof. We distinguish two cases.

(i) Suppose A7&> for any weight A. Here let T be the process fail + 1g.succ where succ and fail are fresh actions and Ag
is an arbitrary positive rate. Then we have A | T=» A’ | succ. Since A =~ ©, there is some I such that ® | T=»I"

and A" | T = I'. The latter implies I" J&Eg and I ll?ugc and so it must be the case that I" has the form @’ | succ with

© =% ©’. Now it follows from Lemma 4.11 that A’ Roppe O,
(i) If A 2, A, for some weight A. By Proposition 4.16 there is a matching transition & = [OF) 2, o] == ©;. Note that

the move ® == @ can only be matched by the degenerate transition A =5 A because by maximal progress A, It
therefore follows that A ~; @4.

Let T be the process
faily; + 8.(t .0 + fail,) + A.succ

where fail;, fail, and succ are fresh actions. Since A — A;, Lemma 4.10 ensures that A also has a § (unique) derivative,

A LN As. Then A | T:»% - (AL 0) + % - (As | succ), using Theorem 3.8. Since =~ is compositional we have A |
T ~pe @q | T. Then there is some I" such that ®4 | T=»I" and

1 1
(5 (A 10) + 3 (As Isucc)> Rope I (12)

This means I J&Eﬁl and therefore ®4 must have contributed some action in the derivation ®&; | T=—I". The contributed

action is not a T action since @y | T/L>, so a weighted action must happen as follows, using Theorem 3.8 again.

1 1
41T 2> <5 (04| (t.0+ faily + A.succ)) + 3 (Os |succ))=>1“

Again the existence of ®5 with @4 LN ®s is assured by Lemma 4.10, because we are using mCCS processes.
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Since I" JJ;,.(;Z, we have
1

1
5 (O3, | (z.0+ faily + A.succ)) + 3 (®s | succ)

1 1
=r>§-(®1|0)+5~(@)2|succ)
:’F

for some ©1, ®, with ©; = ®7 and Oy = ®,. Since neither @7 | 0 nor ®; | succ can enable any weighted action, in
the last step we can replace =—p by == Then there are some @3, @4 such that

F:%-(@3IO)+%-((~)’|succ) (13)

with ©®; = ©3 and ®, = ©’. By (12), (13) and Lemma 4.11, we have A~ ©'.
On the other hand, we have ® = [CH —5> B = &) =% ©’ and therefore ©® :5> ®’ is the required matching move. O

Theorem 4.18 (Completeness). In finitary mCCS, A ~p. © implies A ~p;; O.

Proof. We show that =, is a bisimulation, that is ~,. € B(~y.), where B is the functional given in Definition 2.12.
Because of symmetry it is sufficient to show that if A £ D ier Pi - Aj with Y7 pi =1, where € Acty s U R* and I is a
finite index set, there is a matching move ® £ Y ic1 Pi - ©; for some ©; such that A; ~pc O;.

In fact because of Proposition 4.12 (Weak-left-decomposable) it is sufficient to match a simple move A £ A’ with a
simple move © 5 ©' such that A’ ~pe ©'. But this can easily be established using Propositions 4.13, 4.16 and 4.17. O

5. Conclusion and related work

The thesis underlying this paper is that bisimulations should be considered as a proof methodology for demonstrating
behavioural equivalence between systems, rather than providing the definition of the extensional behavioural equivalence
itself. We have adapted the well-known reduction barbed congruence used for a variety of process calculi [14,21,10], to obtain
a touchstone extensional behavioural equivalence for a minor variation of the Markov automata, MAs, originally defined in
[9]. Incidently there are also minor variations on the formulation of reduction barbed congruence, often called contextual
equivalence or barbed congruence, in the literature. See [10,24] for a discussion of the differences.

Then we have defined a novel notion of (weak) bisimulations, called Markov bisimulations, which provide both a sound
and complete coinductive proof methodology for establishing the equivalence between such automata. These results were
achieved within the context of a rich language, mCCS, for defining MAs. Of particular significance is the presence of indefi-
nite delay actions, insistent actions, and a compositional operator which is sensitive to the passage of time; this combination
is reminiscent of synchronous CCS [18], although similar compositional operators have already been used for certain vari-
eties of Markov processes [3]. We should point out that our interpretation of mCCS is somewhat simplistic, in that unlike
IMC in [11] it does not take into account the multiplicities of action occurrences. However, our interpretation is sufficient
for the purposes of this paper. If we were interested in, for example, developing an algebraic theory for mCCS then a more
refined interpretation would be required; this could easily be adapted from [11].

There are already quite a few variations on the theme of bisimulations for PAs which can be used to establish behavioural
equivalences between MAs [27,20,16,8,12]. A characteristic of our formulation is that it allows bisimulations to relate states
to distributions rather than simply states, thus differentiating it from most of these. The one exception is [9], where proper-
ties of subdistributions are also used in defining their bisimulations. However, our Markov bisimulation equivalence =~;; is
different from the bisimulation equivalence of [9], denoted by &4 here, because the former is defined for full distributions
while the latter is for subdistributions. Even if we restrict ~y4 to full distributions, they are still different. For example, we
have A = 0 but A %4 0, where A <= 7:A. We conjecture that in general A% is strictly coarser than &4 (restricted to
full distributions), but they coincide for non-divergent systems [9]. We discuss the relationship between our ~;; and ~pa
in more detail in Appendix B.

Our approach to Markov processes is based directly on that of [9,11], in which external actions are considered instanta-
neous, and time can only pass when no more internal activity can be performed. Moreover, it is only timed actions which
are subject to Markovian behaviour. However, there is a large literature on a more general framework in which Markovian
behaviour applies to all actions. See [13] or Chapter 3 of [1] for a representative exposition. It would be interesting to see if
our notion of bisimulation could be adapted to such a framework.

Our notion of reduction relation, =, is closely related to the concept of scheduler, sometimes called policy, adversary,
resolution etc., occurring in the literature. One may consider different classes of schedulers (e.g. deterministic schedulers
and probabilistic schedulers). In each class only a restricted form of reduction is allowed, which yields a restricted form
of reduction barbed congruence. It would be interesting to compare these different variants and characterise them by co-
inductively defined relations.
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Appendix A. Some properties of hyper-derivations

These results on hyper-derivations were originally proven in the full version of [6]. We include them here for the sake
of completeness.

Lemma A.1. In an arbitrary MLTS the relation — is linear.

Proof. Let us first introduce some notation for hyper-derivations. Referring to Definition 2.8 let us abbreviate the hyper-
derivation (1) from A by (AF,A;,k > 0). Recall that this is a hyper-derivation from A to Zk>0 Akx, that is A =

Zkgo A ) ) )
Now suppose we have AJ =— @/ for every j € J. We have to construct a hyper-derivation from Zje_] pj- Al to

2jesPi- oJ. A
From the hypothesis we have for each j a hyper-derivation (A:J ,A

) k> 0), where ©; is > k=0 A’ By construction

k >
the single arrow -5 is linear, since it is defined as a lifted relation. Therefore applying linearity for each k we get a
hyper-derivation of the form (Y., pj- A, Y jc pj- AL k> 0).

This is easily seen to be the required hyper-derivation. 0O

Lemma A.2. For any subdistributions A, ®, I', A, IT we have

(i) If A => © then |A| > |6)|.
(ii) A= © and p e R* such that |p- A| < 1,thenp- A== p - O.
(iii) If ' + A= IT then [T =" + T4 with ' = 1" and A = [T4.

Proof. By definition A =—> ©® means that some Ay, Akx, A exist for all k> 0 such that

o0
A=ANo A=A +AT AT S A O=) Af
k=0

(i) A simple inductive proof shows that
|Al=1A71+ ) _|ag| foranyi>0 (14)
k<i

The sequence {Zkgi |Akx|},9'§0 is nondecreasing and by (14) each element of the sequence is not greater than |A|.
Therefore, the limit of this sequence is bounded by |A|. That is,

. e
|A|>igrgok2g|Ak|—|0|

(ii) Now suppose p € R such that |p - A| < 1. From Definition 2.4 it follows that

pP-A=p-Ao  P-A=p AT ADAL DA S Ar P O=Y prAS
k

Hence Definition 2.8 yields p- A=—p - 6.
(iii) Next suppose I" + A == I1. By Definition 2.8 there are subdistributions ITy, IT,”, I'IkX for k € N such that

r+A=Iy =IO +1; 7 >y T=Y I
k

For any s € S, define
Iy7 (s) :==min(I"°(s), 1 (5))
I(s) =) — Iy ()
Ay (s) == min(A(s), 15 (s))
Ay (s) := A(s) — AJ(5) (15)
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and check that I';;” + I'; =T" and Ay” + A = A. To show that Ay” + I~ =115 and Aj + I, =TI we fix a state
s and distinguish two cases: either (a) /15 (s) > I'(s) or (b) I1;”(s) < I'(s). In Case (a) we have IT(s) < A(s) and the
definitions (15) simplify to I~ (s) = I'(s), I, () =0, Aj () = IT5 (s) and Ay (s) = A(s) — 1 (s), whence immediately
Iy () + Ay (s) =115 (s) and I (s) + A (s) = I15 (s). Case (b) is similar.

Since Ay” + 1T~ LN [Ty, by Proposition 2.7 we find I, Ay with I~ LN It and Ay’ LN A1 and ITy = I't + Aq. Being
now in the same position with /7y as we were with ITp, we can continue this procedure to find Ay, Ik, A7, I}, Akx
and I} with

r=rop =T + I > 5 T
A=Ay, A=A + A A7 5 A
N+ A=M L7 +A0 =07 LY+ Al =11
Let [T" ;=) I, and [T := )", A;. Then IT=1" + [T* and Definition 2.8 yields I' = 17" and A= 1*. O

Together, Lemma A.2(ii) and (iii) imply that — is left-decomposable, as in Definition 2.6, for finite index sets I.
We now generalise this result to infinite, but still countable, index sets.

Theorem A.3 (Infinite left-decomposition). Let p; € [0, 1] fori € I with ) ;; pi < 1, and I a countable index set. If Y ;; pi - Aj==©
then ® =", pi - ©; for subdistributions ®; such that Aj = O; foralli € I.

Proof. In the light of Lemma A.2(ii) it suffices to show that if > 2y A; = @ then ©® =Y 2, ©; for subdistributions ©);
such that A;=— ©; for all i > 0.
Since Y700 Aj=Ag+ >i>1Ai and >0 Ai => O, by Lemma A.2(iii) there are @, @12 such that

Ao = O ZAI':>@12 @:@04—@12
i>1

Using Lemma A.2(iii) once more, we have ®1, @22 such that

AM=61 Y A=06; 67 =6,+06;
i>2

thus in combination ® = ®y + @1 + @22 . Continuing this process we have that
1
> >
A= O; ZA]‘:>@H_] @:Z@j+®i+1
j=i+1 j=0

for all i > 0. Lemma A.2(i) ensures that |Zj>i+] Ajl > |(~)Ii]

that the tail sum Zj>i+1 Aj converges to &€ when i approaches oo, and therefore that lim;_, (w)i2 = ¢. Thus by taking that
limit we conclude that @ =72, ©;. O

| for all i > 0. But since > 2, A; is a subdistribution, we know

We proceed with the important properties of reflexivity and transitivity of weak derivations. First note that reflexivity is
straightforward; in Definition 2.8 it suffices to take A;” to be the empty distribution &.

Theorem A.4 (Transitivity of = ). If A = ® and ® =—> A then A = A.

Proof. By definition A —> ® means that some Ay, Akx, Ak_’ exist for all k > 0 such that
o0
A=A A=A +AT AT S A O=) Af (16)
k=0

Since ® =) 2 A and ® = A, by Theorem A.3 there are Ay for k>0 such that A =) 2 Ay and A} = Ay for all
k > 0. For each k > 0, we know that Akx = Ay gives us some Ay, Akxl, A,fl for [ > 0 such that

T
Alj = A’{O Akl = Ale + Alj AZ —> Ak’l+] Ak == Z A?[ (17)
>0
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Therefore we can put all this together with

A= ZAk_ZAm—Z( Z Ale) (18)

k>0 iz0 “k,lk+l=i

where the last step is a straightforward diagonalisation.
Now from the decompositions above we re-compose an alternative trajectory of A’;’s to take A via = directly to A.
Define

i=aaaT ai= Y oap aT=( X ag)ear (19)
k,|k+1=i Kk, 1k+l=i

so that from (18) we have immediately that

A=Y A (20)
i>0

We now show that

(i) A=A

(ii) A7 = Aig

from which, with (20), we will have A = A as required. For (i) we observe that

A
=Ag (16)
=A;+ Ay (16)
=Ago+ Ay (17)
=Agy+ Mg + Ay (17)
= < Z A,ﬁ) + ( Z A,j) + Ay index arithmetic
K, I|k-H=0 K, I|k-+=0
=Ag+Ay (19)
=Ap (19)

For (ii) we observe that

AT

1

=< Z A,;>+A? (19)
K, I|k-HI=i

—T>< > Ak,z+1) + A (16), (17), linearity of ——
k,l|k+1=i
< Api +Al?,l+1)> + A+ AT (16),(17)
k|k+I=i
= ( Ay 1+1> Al ( Z Ay 1+1> + A, rearrange
kk+1=i k| k+1=i
=< Z Akl+1>+A1+10+( Z AI<_,)1+1>+A:-1 (17)
kIlk-+I=i k,Ilk+=i
:< kl+1>+ 1+1O+Al+10+< Z Akl+1>+A1+1 (17)
k| k+I=i k| k+I=i
= ( Z A ,) + ( A,j) + A, index arithmetic

kI|k+1=i+1 k|k+I=i+1
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X —

=Ag+ A (19)
=Ain (19)

which concludes the proof. O

We now turn our attention to the proof of Theorem 2.18. Unfortunately this relies on two complex auxiliary results, the
first of which is much too long to include here.

Theorem A.5. For any distribution in a finitary MLTS, the set {A" | A = A’} is Cauchy closed in the standard Euclidean space.

Proof. Established as Theorem 1 of [6]. The proof is relatively complex, as it relies on developing hyper-derivations relative
to static policies. The restriction to finitary MLTSs is necessary because in such a MLTS the set of static polices is finite. O

Theorem A.6 (Infinite linearity). Suppose R is a relation over S x Dg,;,(S), where S is finite, and Zi>0 pi = 1. Then A; lift(R) ©;
implies (2120 pi - A lift(R) (Zi}o pi- ).

Proof. See Appendix C. O

Proof of Theorem 2.18. Suppose s is a state and © a distribution in a finitary MLTS such that sasg; @ and == A’. Referring
to Definition 2.8, there must be Ay, A;” and Akx for k > 0 such that §= Ag, A=A + Akx, Ay LN Agy1 and A =
Y ohei Ay Since AJ 4+ Ay = §lift(Rgis) ©, using Proposition 2.7 we can define @ := @ + 6y~ so that Aj lift(~g;s) O and
Ay lift(Rgpis) O . Since Ay~ -5 Ay and Ay lift(Rgis) ©f~, by Proposition 2.17 we have 05" = 01 with Aq lift(Rg;s) ©1.

Repeating the above procedure gives us inductively a series Oy, ©,”, ©;° of subdistributions, for k >0, such that &y = 6,
A lift(Rgpis) Or, O = O + O, A lift(Rgis) O, AL lift(~gi) O and O, == ©. We define @ := Y. 6. By the
infinite linearity of lifting operation, Theorem A.6, we have A’ lift(~gis) ©’. It remains to be shown that ® = ©@’.

For that final step, since the set {®" | ® = ®"} is closed according to Theorem A.5, we can establish ® = ®’ by
exhibiting a sequence ®] with ® = ©/ for each i and with the ©/’s being arbitrarily close to ©’. Induction establishes
for each i that @ = O] 1= (0;” + Y _;; ©;). Since A’ is a full distribution, whose mass is 1, i.e. |A’| =1, we must have
lim;_, oo [A;”| = 0. It is easy to see that for any two subdistributions I, I, if I't lift(Rspis) I3 then they have the same mass.
Therefore, it follows from the condition A7 lift(Rgpis) @7 that limi_,  |©;”| = 0. Thus these ©;’s form the sequence we
needed. O

Appendix B. An alternative presentation of bisimulation

We have said in Section 5 that the bisimulation equivalence ~y4 given in [9] is different from our Markov bisimulation
equivalence ~p;. Certainly the formulation is quite different in style to our definition. But here we suggest that a good
approximation to A4 can be formulated in our framework, and we show that the resulting equivalence actually coincides
with our Markov bisimulation equivalence, ~;. This serves to emphasise that, modulo minor differences, the equivalences
~pis and ~pu are essentially the same.

Definition B.1. A binary relation R C D(S) x D(S), where S is the set of states in a MLTS, is called an ehz-bisimulation,
whenever A R @ implies

i) if A = (A1 p® Ap), for any 0 < p <1, then
(a) ® = (O1 p® O2) with A; R O; and Ay R O

(b) and for each u € Acts UR™, Aq £ A} implies ©4 LN ©; and A] R ©]
(ii) and symmetrically for ©.

We write =, for the largest ehz-bisimulation. O

Although this is similar to the formulation of ~4 in [9] we should point out the differences.

(i) Our definition of Markov automata, Definition 2.1, and MLTSs, Definition 2.2, assume maximal progress, whereas the
automata of [9] do not; instead in [9] maximal progress is implemented in their definition of bisimulation.

(ii) Our definition of ~,p, uses as weak internal actions, the hyper-derivatives =—> from Definition 2.8 whereas that of x4
in [9] uses a definition of weak internal moves based on finite branching labelled trees.
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(iii) Our definition of =, restricts attention to (full) distributions whereas in [9] the definition of ~y;s more generally
applies to subdistributions. Of course, this difference is insignificant because we can easily extend =, to a relation

between subdistributions by replacing D(S) with Dg,(S) in Definition B.1 because =% can be a relation between
subdistributions in general [6].

Nevertheless we feel that Definition B.1 captures the essence of ~p4 from [9]. Note that the resulting relation =, is still
different from &4 because the latter, but not the former, has a stability requirement, which intuitively means that if a
state is stable then any state bisimilar to it must be able to perform some internal transitions to reach a stable state.

Lemma B.2. Suppose A X, © and A == Y ic1 Pi - Aj for some finite index set I. There exists distribution ©; for each i € I such that
Ai Ren, ©1and © == 3" pi - O

Proof. Since I is a finite set, we can assume without loss of generality that I = {1..n} for some n > 1. We proceed by
induction on n.

e n=1. By the first clause of Definition B.1, there exists &1 such that ® =— ©1 and A ~p, O1.
e Suppose the result holds for m where m > 1. We consider the case that n =m+ 1. From A there is a transition

(a5 2 )
— Fn

i=1..m

Since A ~ep, ©, we know from Definition B.1 that there are distributions ®, and ®’ such that

6 = (O p,®O’) (21)
with A, X, ©p and (Zizlum]fﬁ - Aj) ~ep, ©'. By the induction hypothesis and the degenerate transition

Cictm T8 - A) == (Cicym 725, - Ai), there exists ©; for each i =1..m such that A; ~p, ©; and

Di
0= > . O 22
1—pn | (22)

i=1..m

Using the reflexivity, linearity and transitivity of =, we know from (21) and (22) that

©= Y pi-6

i=1..n

as required. O
Theorem B.3. In an arbitrary MLTS, A =y, © if and only if A ~p;s ©.

Proof. (<) It is straightforward to show that ~; is an ehz-bisimulation.

(=) We show that =, is a Markov bisimulation. Suppose A ~,,, ® and A £ > ier Pi - Ai. If =1 then we directly
appeal to Lemma B.2. Now assume that i # t. In the first clause of Definition B.1, by setting p =1 and A; = A, we see

that there exist @1, ©] such that ©® == @1 with Aq ~g, @1 and O N O] with 3 ;¢ pi - Ai) Ren, ©1. By Lemma B.2

there are distributions ®; such that ©; == Y icr Pi - O and A; ~,p, O; for each i € I. Note that we also have the transition
"

O=>ibi 0. O

Appendix C. Infinite linearity of lifting operation

For any subset X of Dg,;(S) let cc(X), the convex closure of X, be the least set satisfying:

(i) X Ccc(X)
(ii) A, ® e cc(X) implies A ,® O € cc(X), for every 0< p < 1.

Equivalently we can say A € cc(X) if and only if A =), , pi- A, where A; € X, for some finite index set I such that
Y icr Pi = 1. Analogously let cc,,(X) be the set of subdistributions of the form Zi>0 pi - Aj, where A; € X and Z,->O pi=1.
Both of these are closure operators in the standard sense; for example cc(—) satisfies:
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o X Ccc(X)
e X CY implies cc(X) C cc(Y)
e cc(cc(X)) = cc(X).

Lemma C.1. If the set S is finite then cc(X) = cc, (X) for any subset X of Dsyp(S).

Proof. It is clear that cc(X) C cc,(X), so we prove the inverse inclusion, cc,, (X) C cc(X). As in [7] we view a subdistribution
over S as a point in Euclidean space of dimension |S| and give a geometric proof, by induction on the size of S. More
specifically we prove, by induction on k, that if X is a subset in a space of dimension k, that cc(X) = cc,,(X). The base case,
when |S| =1 is trivial. Let us we consider the inductive case, where the dimension is (k + 1).

Suppose there is a point x € cc,, (X) but x ¢ cc(X). We show that this contradicts the inductive hypothesis.

From the Hyperplane separation theorem, Theorem 1.2.4 in [17], there exists a hyperplane H that separates x from cc(X).
If h is the normal of H we can assume without loss of generality that there is a constant c satisfying

h-x>c and h-X <cforallx e X

where with a slight abuse of notation we write - for dot product of two vectors of dimension (k + 1).
Since x € ccy,(X), there is a sequence of probabilities p; with Zi>0 pi =1 and a sequence of points x; € X such that
X= Zi>0 pi - Xi. We then have

() czh-x=350pi-(h-X)
(ii) h-x;<cforalli>0.

It follows from (i) and (ii) that actually h - x; = c for all i > 0. In other words, it must be the case that h - x; = ¢ for all i,
which means that all the points x; lies in H; in other words the separation of x from cc(X) cannot be strict. Therefore, we
have that x € cc,, ((X N H)) since ccy,({x; | i > 0}) C cc, (X N H)).

On the other hand, since x ¢ cc(X) we have x ¢ cc((X N H)). However X N H can be described as a subset in a space of
one dimension lower than X, that is of dimension k. We have now contradicted the induction hypothesis. O

In order to use this result to prove Theorem A.6 we need to rephrase the definition of lifting, Definition 2.4, in terms of
the closure operator cc(—). To this end let us use R(s), for any R € S x Dg(S), to denote the set {A|aR A}.

Proposition C.2. For subdistributions over a finite set S, A lift(R) @ if and only if ® can be written in the form Zserm A(S) - Og
where each ®g € cc(R(s)).

Proof. Suppose © = Zse]’ NEORCE with ©g € cc(R(s)). To show that A lift(R) @, it suffices to prove that s lift(R) ©; for
each s € [A], as lift(R) is linear. Since ®; € cc(R(s)), we can rewrite s as @5 =) ;; pi - ©;;, where ©;, € R(s) for some
finite index set I. The fact that S=3 ", ; p;-§ and s R ©;; yields that 5lift(R) ©;.

Conversely suppose A lift(R) ®. By Lemma 2.5 we have that

A=) pi-5i SIRO;  O=Y) pi-6 (23)
iel iel

For each s € [A], let I ={i € I | s; = s}. Note that A(s) = Ziels pi. Hence, we can rewrite ® as follows:

@=") pi-6

se[A] iel;
=Y aw- (-2
— A(s)
se[A] iels

Since the subdistribution Ziels % - ®; is a convex combination of {®; | i € I}, it must be in cc(R(s)) due to (23), and the
result follows. O

Proof of Theorem A.6. Suppose Zi>0 pi =1 and A;lift(R) ©; for each i > 0. Let A, ® denote Zi>0 pi-Aj and Zi>0 pi- 6
respectively. We have to show A R ®. By Proposition C.2 it is sufficient to show

0= A() T (24)
se[A]

where I € cc(R(s)) for each s € [A].
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By the same proposition we know that for each i > 0, since A; lift(R) ©;,

Oi= Y Ai(s)- O, with O e cc(R(s)) (25)
selAf]
Therefore,
@:Zp,-.( > Ai(s)~@is)
i=0 se[A;]
=Y (pi- Ails)) - 64
se[A]i=0

Let wf denote p;- A;j(s) and note that A(s) is the infinite sum Z,->O wf. Therefore we can continue:

o= Y w6

se[A]i=0

=Y Als) ( i o)
i>0 A(S) '

se[A]

The required (24) above will follow if we can show (Zi>0 % - ©;,) € cc(R(s)) for each s € [A].

From (25) we know O;; € cc(R(s)), and therefore by construction we have that (Zi>o % - ©j,) € cCy(cc(R(S))). But
now an application of Lemma C.1 gives ccy,(cc(R(s))) = cc(cc(R(s))), and since cc(—) is a closure operator this coincides
with cc(R(s)). O
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