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Abstract—We derive new bounds for function approximation
using reproducing kernel Hilbert spaces by analysing kernels
which are k-times continuously differentiable, instead of kernels
which are norm equivalent to Sobolev spaces. This means our
method allows for a much wider choice of kernels, including the
popular exponential quadratic and polynomial kernels, which
are widely used in practical application of kernel methods. Our
analysis also reveals other possible avenues for new and improved
convergence bounds, depending on how we describe our target
domain X and set of sample points X .

I. INTRODUCTION

Reproducing kernel Hilbert spaces (RKHS) are widely used
for modeling non-linear functions given pointwise evaluations
of the target functions. In function approximation the goal is
to design algorithms to minimise the approximation error with
as few evaluations as possible, while controlling variables such
as how to choose the sample points. This problem arises in
such diverse applications as reinforcement learning [1], integral
approximation [2] and Gaussian Process Bandits [3], and in
all cases RKHS are used to find solutions. We can use RKHS
to solve these problems by defining a loss function and then
choosing a function from the RKHS that minimises this loss
over our target domain. One of the main advantages of RKHS
is that for certain choices of loss function this optimisation
problem has a simple closed form solution, making it extremely
popular for many practical use cases [4]–[6]. An important
question is then how the choice of evaluation points affect the
quality of this solution. One method for dealing with this is
looking at the theoretical worst case convergence bounds for
these solutions, and analysing how the choice of parameters
effects these bounds. Worst case upper bounds are also of
specific importance in the case of Gaussian Process Bandits
[3] mentioned above, as they are needed to bound the regret
of many UCB based algorithms. We note that a bound in
probability is not needed for this application in Gaussian
Process Bandits, the absolute bound we provide is sufficient.

Much of the existing theoretical work on learning rates in
this area focuses on Sobolev spaces [7]–[9], which results in a
limited choice of kernels. This is because the results strictly
require that the RKHS be norm equivalent to a Sobolev space
of the form W l

2. The specific requirement of a value of 2
in the subscript means that any kernel which satisfies these
conditions can only be finitely continuously differentiable. This
immediately excludes many of the most popular kernels used in
practical uses cases for kernel methods, such as the exponential
quadratic kernel and the polynomial kernel. The kernels covered
by the Sobolev work must also be shift invariant, a condition
that excludes simple linear kernels of any kind. Our work
instead allows any kernel of continuously differentiable degree,
including infinite, and does not require shift invariance, meaning
we cover the practical kernels mentioned above that are not

covered by the Sobolev work. We note also that there is much
more work on RKHS interpolation than on regression, while
our result generalises both cases. This is significant as many
applications require approximate interpolation instead of exact
[10].

The attention given to Sobolev spaces seems to be related to
their usefulness for solving certain partial differential equation
problems [11], [12], but in machine learning we are most often
dealing with functions arising from natural processes, and
so the space of k times continuously differentiable functions
Ck(X ) is a more fitting domain. Even though it is possible
to approximate these functions using Sobolev kernels, the
literature misses that this is not what is being done in practice.
Real world applications of these methods use the simpler, more
practical kernels which we have mentioned already, and so our
work gives convergence rate bounds on these methods that the
Sobolev work cannot. Another reason for the focus of previous
work on Sobolev spaces is how the Sobolev norm emerges in
their analysis as a measure of the ’smoothness’ of the target
function. This fixed smoothness measure then requires the
kernel they choose to be norm equivalent to this measure, and
so results in a very limited pool of options. We are able to
extend this analysis to Ck(X ), and so remove the restrictions
on the kernel choice, by removing the reliance on this Sobolev
norm. We do this by utilising a result from [13] which bounds
the derivatives of a function in a RKHS by its kernel norm,
allowing use to use any continuously differentiable kernel to
measure smoothness.

II. RELATED WORK

Our work is most related to the seminal work of [7], but
we build on it to analyse k times continuously differentiable
functions instead of functions belonging to Sobolev spaces.
This allows us to keep explicit the values of constants in our
convergence bounds, as well as extending our results to a
much wider choice of kernel. The work of [9] also builds on
[7], but still focused on Sobolev spaces, as does [8], with the
addition of taking account of misspecified smoothness and
likelihood. Some of these previous results are in the Gaussian
process framework, but works such as [14] and [15] show the
deep connection and equivalence from that setup and kernel
methods.

There is some work analysing the problem with a general
RKHS instead of a Sobolev space, but it is mostly in the domain
of statistical learning theory [16] which assumes the location
evaluation points are sampled from some unknown probability
distribution [17]–[19]. This statistical assumption makes it
distinct from our framework, the bounds are determined in
term of the choice of points. This also means that it does not
allow for much of the practical work mentioned below, and its



analysis differs in form from ours, and the analysis mentioned
above in [7]–[9].

There is much literature on the practical applications of
kernel method, looking at their general use in machine learning
[20], their applications in computational biology [21], analysing
their use in global optimization [22], and applying them to
reinforcement learning [1], [23], [24]. Significantly, many of
these works utilise setups and kernels that are covered by our
analysis but not by contemporary theoretical work such as
[8], due to their focus on Sobolev spaces, or by [17], as the
evaluation points need to be carefully chosen.

III. OUTLINE OF RESULT

As mentioned above the purpose of this work, and our
main result, is a bound on the approximation error of RKHS
interpolation or regression for continuously differentiable
kernels. This result is stated in Theorem 5 in Section 8, and
we will give a brief outline of its most basic version here, to
make clear the goal of the intervening analysis.

We have a target function g ∈ Ck(X ), the set of k-times
continuously differentiable functions over our target domain X .
We have a kernel K such that g ∈ HK, its reproducing kernel
Hilbert space, from which we get the kernel approximation ĝλ
to be defined in the next section, where λ ≥ 0 is a smoothing
parameter. We have a a target domain X we are trying to
approximate over and a set X of N sample points that we
choose the location of. The fill distance of a set of points
X = {x1, . . . , xN} ⊆ X for a bounded domain X is define to
be

hX,X := sup
x∈X

min
1≤j≤N

||x− xj ||2

We show that if the fill distance hX,X of our sample points
X is less than some constant Q depending on the smoothness
k of our target function and the shape of our target domain
X ⊂ Rn, then we can bound the error of our approximation
by;

||g − ĝλ||L∞(X ) ≤ C
(
hkX,X ||g||HK +

√
λ||g||HK

)
where C is a constant that depends on the smoothness k, the

shape and dimension of X , and the kernel K. We can see that
by careful choice of λ the convergence will go as O(hkX,X ),
and so we have that the error goes to zero as O(N−k/n). This
gives us a general worst case bound for function approximation
using continuously differentiable kernels, that scales well with
smoothness k. This gives a bound that did not exist before in
this form for practical kernels such as exponential quadratic
and polynomial, and so allows for new methods of parameter
design, such as choosing lambda, in their practical application.
Proving this bound motivates the work in this paper.

IV. REPRODUCING KERNEL HILBERT SPACES

We have an unknown function g ∈ HK we are trying to
approximate over X ⊂ Rn, where HK is a reproducing kernel
space with kernel K ∈ C2k(X × X ), k ≥ 0. We note that
K ∈ C2k(X ×X ) means that HK ⊂ Ck(X ). We choose a set
of points X = {x1, . . . , xN} ⊂ X to evaluate our function on,
which we call our centers. The interpolation problem is then
defined as

ĝ ∈ arg min
h∈HK

||h||2HK such that h(xi) = g(xi) ∀xi ∈ X

and the regression problem is defined as

ĝλ ∈ arg min
h∈HK

N∑
i=1

(h(xi)− g(xi))
2 + λ||h||2HK , λ > 0

where λ is a regularisation parameter.
Both of these optimisation problems have the closed form

solution [15] below

ĝλ(x) =

N∑
i=1

wλ(x, xi)g(xi), λ ≥ 0 (1)

with (wλ(x, x1), . . . , wλ(x, xN ))T = KxX(KXX + λIN )−1

where KxX := (K(x, x1), . . . ,K(x, xN )) and KXX ∈ RN×N
is the matrix whose (i, j)′th element is K(xi, xj).

The interpolation solution is given by ĝ0, and so to guarantee
a solution in this case we must have that KXX is invertible.

We define fλ(x) := g(x) − ĝλ(x) and so we have that
fλ ∈ HK. We now want to bound fλ|X , the function fλ
restricted just to the points X . In the interpolation setting we
have by definition that ĝ0(xi) = g(xi) ∀xi ∈ X , and so
||f0|X||∞ = 0.

For the regression setting we do not have the same condition,
but we note that if we take the solution to the interpolation
problem for the same target function and set X , and substitute
it into the regression objective function we get

N∑
i=1

(ĝ0(xi)− g(xi))
2 + λ||ĝ0||2HK = λ||ĝ0||2HK

Since ĝλ is the unique minimizer of this objective function we
immediately have

N∑
i=1

(ĝλ(xi)− g(xi))
2 + λ||ĝλ||2HK ≤ λ||ĝ0||2HK

=⇒
N∑
i=1

(ĝλ(xi)− g(xi))
2 ≤ λ||ĝ0||2HK

=⇒ (ĝλ(xi)− g(xi))
2 ≤ λ||ĝ0||2HK ∀xi ∈ X

=⇒ |ĝλ(xi)− g(xi)| ≤
√
λ||ĝ0||HK ∀xi ∈ X

and so in the regression setting we have that ||fλ|X||∞ ≤√
λ||ĝ0||HK . If we note from above that ||f0|X||∞ = 0, we

have that ||fλ|X||∞ ≤
√
λ||ĝ0||HK for all λ ≥ 0.

We now investigate bounding ||fλ|X ||∞, fλ over our whole
target domain X .

V. BOUNDS ON CONVERGENCE RATE

Our main result in this section will be to bound our error
function fλ in terms of it value at the points in X . We will
drop the λ for this section as it does not effect any of the
results, and we note that from its definition we have that its
is continuously differentiable up to degree k. This bound will
give us the learning rate, that is the convergence rate of our
error function to zero. This result will require two intermediate
steps. First we will bound the difference between f and its
Taylor polynomial using a standard Taylor’s theorem argument,
and then we will derive conditions on the points X such that
we can bound the Taylor polynomial in terms its value on X .



The result of this section will be a bound that depends on
the diameter of the set it is defined over, so we must be able
to control said diameter to get a useful bound. Therefore our
analysis in this section will focus on a subset Ω ⊂ X , and
then after we will show that we can cover X by many such
subsets. We also define XΩ = X ∩ Ω.

To bound the difference between our function f and its
Taylor Polynomial, and also the derivatives of this difference,
we must first determine type of space this is defined for.

Definition 1. A set A ⊂ Rn is said to be star shaped with
respect to a point a ∈ A if ∀x ∈ A the line segment from a
to x is entirely contained in A.

A set Ω being star shaped with respect to some point a
guarantees we can bound f over all of Ω relative to its Taylor
polynomial at a. With this definition in hand we can now prove
Theorem 1 below.

Theorem 1. Let open bounded Ω ⊂ Rn be star shaped with
respect to some point a ∈ Ω. Let R = maxx,y∈Ω ||x− y||∞. If
f ∈ Ck(Ω), with k ≥ 1 and k > |α| for α a multi-index then
we have that

||Dαf −DαTk−1
a f ||L∞(Ω) ≤ Ck,n,|α|Rk−|α| max

|β|=k
||Dβf ||L∞(Ω)

for Ck,n,|α| = nk−|α|

(k−|α|)! . T
k−1
a f(x) here is the k − 1-th order

Taylor polynomial of f at a ∈ Rn.

Proof. From Taylors theorem [26] we have;

|f(x)− T k−1
a f(x)| ≤

∑
|ω|=k

(x− a)ω
1

ω!
max
|β|=k

max
y∈Ω
|Dβf(y)|

Now we have that for x, a ∈ Ω

(x− a)ω = (x1 − a1)ω1(x2−a2)ω2 . . . (xn − an)ωn

≤ Rω1Rω2 . . . Rωn = R|ω| = Rk

=⇒ ||f − T k−1
a f ||L∞(Ω) ≤ Rk max

|β|=k
||Dβf ||L∞(Ω)

∑
|ω|=k

1

ω!

The value of the remaining sum can be found by starting from
the sum of multinomial coefficients∑
ω1+...+ωn=k

(
k

ω1, . . . , ωn

)
=

∑
ω1+...+ωn=k

k!

ω1! . . .!ωn
= nk

Since by definition |ω| = ω1 + . . .+ ωn and ω! = ω1! . . .!ωn
we immediately get∑

|ω|=k

1

ω!
=

1

k!

∑
ω1+...+ωn=k

k!

ω1! . . .!ωn
=
nk

k!

Therefore we have

||f − T k−1
a f ||L∞(Ω) ≤

nk

k!
Rk max
|β|=k

||Dβf ||L∞(Ω)

Using the identity DαT k−1
a f = T k−|α|−1Dαf we have

||Dαf −DαT k−1f ||L∞(Ω) = ||Dαf − T k−|α|−1Dαf ||L∞(Ω)

≤ nk−|α|

(k − |α|)!
Rk−|α| max

|β|=k−|α|
||DβDαf ||L∞(Ω)

And since max|β|=k−|α| ||DβDαf ||L∞(Ω) ≤
max|β|=k ||Dβf ||L∞(Ω) we have the desired result:

||Dαf−DαT k−1
a f ||L∞(Ω) ≤ Ck,n,|α|Rk−|α| max

|β|=k
||Dβf ||L∞(Ω)

where Ck,n,|α| = nk−|α|

(k−|α|)!

With this in hand we now turn to the second intermediate
step, bounding the Taylor Polynomial T ka f and its derivatives,
in terms of its value on our set of centers XΩ. Since T ka f
is by definition a polynomial of degree at most k, we need
to determine conditions on XΩ so that the value of any such
possible polynomial at any point x ∈ Ω can be expressed in
terms of its value on XΩ. We do this by deriving conditions on
XΩ such that ∀x ∈ Ω there exists a bounded and well defined
mapping from any polynomial up to degree k’s value on XΩ

to its value on x. We introduce the notion of norming sets to
establish sufficient conditions for our sets Ω and XΩ, using
the definition from [25].

Definition 2. Let V be a finite dimensional linear space with
norm || · ||V and dual V ∗. Given two subspaces W ⊆ V and
Z ⊆ V ∗, the set Z is called a norming set of W under the
norm || · ||V if there exists some c > 0 such that

sup
z∈Z, ||z||V =1

|z(w)| ≥ c||w||V ∀w ∈W

The values c is the norming constant for Z on W .

We can see the utility of norming sets in Lemma 1 below
from [7].

Lemma 1. Suppose W ⊂ V a finite dimensional linear space
and Z = {z1, . . . , zM} is a norming set for W under the L∞
norm with norming constant c. For every ϕ ∈W ∗, the dual of
W , there exists a vector u ∈ RM depending only on ϕ, such
that for every w ∈W

ϕ(w) =

M∑
j=1

ujzj(w)

and
M∑
j=1

|uj | ≤
1

c
||ϕ||L∞(W∗)

Proof. See Theorem 3.4 in [7]

This result shows us that given a finite norming set Z for
a finite dimensional linear space W , any function from the
dual space W ∗ can be expressed as a linear combination of
functionals in Z, with bounded coefficient vectors uj .

We can apply this to our problem by letting W = πk(Rn)|Ω,
the space of n-variate polynomials up to degree k restricted to
the set Ω. Our objective is to be able to express the value of any
p ∈W at any x ∈ Ω in terms its values at our centers XΩ. For
any function f its value at a point x can be obtained by applying
the point evaluation function δx to f , where δx(f) = f(x) by
definition. Since clearly δx ∈ W ∗ for every x ∈ Ω, our goal
now becomes showing that ∀x ∈ Ω, δx can be expressed as
a linear combination of the functions δxi , xi ∈ XΩ. Lemma
1 tells us that if the functions δxi form a norming set for W ,
such a mapping exists and its coefficient vectors are bounded.



We now prove conditions on XΩ to guarantee that X forms
a norming set for πk(Rn)|Ω.

Lemma 2. Let p ∈ πk(Rn) the space of n-variate polynomials
of absolute degree at most k and let Ω ⊂ Rn be bounded. Let
the set XΩ = {x1, ..., xN} ⊆ Ω satisfy:
• ∀x ∈ Ω ∃xj ∈ XΩ such that there exists a line segment of

length ` passing through x and xj and entirely contained
in Ω, with ` ≥ Ak2||xj − x||2 for some constant A > 2

then the set Z = {δx1
, . . . , δxN } is a norming set for πk(Rn)|Ω

under the L∞ norm with norming constant
(
1− 2

A

)
.

Proof. Let p ∈ πk(Rn) and let L = ||p||L∞(X ). Since Ω is
bounded ∃x ∈ Ω such that p(x) = L. Since XΩ satisfies our
condition above we have that ∃a, b ≥ 0, a+ b = ` such that
the whole line segment

x+ t
xj − x
||xj − z||2

, t ∈ [−a, b]

lies in Ω. From this line segment we define

p̃(t) := p(x+ t
xj − x
||xj − z||2

), t ∈ [−a, b]

From [27, p. 91] we have Markov’s inequality for a polynomial
q ∈ πk(R1) is

|q′(t)| ≤ k2||q||L∞([−1,1]), t ∈ [−1, 1]

We can easily rescale this to get that ∀a, b ≥ 0, a+ b = ` and
∀q ∈ πk(R1)

|q′(t)| ≤ 2

`
k2||q||L∞([−a,b]), t ∈ [−a, b]

Combining this with p̃(t) we have

|p(x)− p(xj)| ≤
∫ ||x−xj ||2

0

|p̃′(t)|dt

≤ 2

`
k2||p̃||L∞([−a,b])

∫ ||x−xj ||2
0

dt

≤ 2

`
k2||p||L∞(X )||x− xj ||2

≤ 2

`
k2||p||L∞(X )

`

Ck2

≤ 2

C
||p||L∞(X )

Now combining this result with |p(x)| = ||p||L∞(X ) we can
use the reverse triangle inequality to get

|p(x)− p(xj)| ≥ | |p(x)| − |p(xj)| |

=⇒ 2

C
||p||L∞(X ) ≥ ||p(x)||L∞(X ) − |p(xj)|

=⇒ |p(xj)| ≥
(

1− 2

C

)
||p||L∞(X )

Recall that δxj (p) = p(xj) by definition, giving us

|δxj (p)| ≥
(

1− 2

C

)
||p||L∞(X )

We note that C > 2 and so
(
1− 2

C

)
> 0, and that

∀x ||δx||L∞ = 1 by definition. Therefore we have that

sup
δxj∈Z,||δxj ||L∞=1

|δxj (p)| ≥
(

1− 2

C

)
||p||L∞ ∀p ∈ πk(Rn)|Ω

and so the set Z is a norming set for πk(Rn)|Ω under the L∞
norm, with norming constant (1− 2

C )

Combining Lemmas 1 and 2 we immediately get conditions
on Ω and XΩ such that any polynomial p ∈ πk(Rn)|Ω can be
expressed in terms of its value on XΩ, with bounded coefficient
vectors. However, since we also want to do the same for the
derivatives of any polynomial, we will additionally require that
our set X satisfies an interior cone condition, the definition of
which below is taken from [7].

Definition 3. A set Ω ⊆ Rn is said to satisfy an interior cone
condition if there exists an angle θ ∈ (0, π2 ) and radius r > 0
such that for every x ∈ Ω a unit vector ξ(x) exists such that
the cone

C(xξ(x), θ, r) := {x+ λy : y ∈ Rn, ||y||2 = 1, yT ξ(x) ≥ cos θ, λ ∈ [0, r]}
(2)

is contained in Ω.

We can see that any convex set will automatically satisfy
an interior cone condition, as will many non-convex sets. The
intuition behind a set satisfying some interior cone condition
is that for any point in the set there must be some non-zero
length vector emanating from the point contained entirely in
the intersection of the point and the interior of the set.

We can then use Lemma 3 below from [7] to bound the
norm of the derivative of our polynomial by its norm

Lemma 3. Suppose that Ω ⊂ Rn is bounded and satisfies
an interior cone condition with radius r > 0 and angle θ. If
p ∈ πk(Rn) and α a multi-index for which |α| ≤ k then

||Dαp||L∞(Ω) ≤
(

2k2

r sin θ

)|α|
||p||L∞(Ω)

Proof. See Proposition 11.6 in [7]

We can immediately combine this with Lemmas 1 and 2 to
get the following result.

Theorem 2. Let p ∈ πk(Rn) the space of n-variate polyno-
mials of absolute degree at most k, with k > |α| for α a
multi-index and let Ω ⊂ Rn be bounded. Let the sets Ω and
XΩ = {x1, ..., xN} ⊆ Ω satisfy:

1) ∀x ∈ Ω ∃xj ∈ XΩ such that there exists a line segment of
length ` passing through x and xj and entirely contained
in Ω, with ` ≥ Ak2||xj − x||2 for some constant A > 2

2) if |α| > 0 then Ω satisfies an interior cone condition for
some r > 0, θ ∈ (0, π2 )

then there exists real numbers aαj (x) such that

Dαp(x) =

N∑
j=1

aαj (x)p(xj)

and
N∑
j=1

|aαj (x)| ≤ A

A− 2

(
2k2

r sin θ

)|α|



Proof. This proof is a combination of what we sketched out
after Lemma 1 and the result of Lemma 3. We have that Ω
and XΩ satisfy the conditions of Lemma 2 and so the set
Z = {δx1

, . . . , δxN } is a norming set for πk(Rn)|Ω under the
L∞ norm with norming constant (1− 2

A ). We note that |α| < k
means that Dαp ∈ πk(Rn)|Ω. Then applying Lemma 1 to this
we immediately have that ∀ϕ ∈ (πk(Rn)|X )∗ there exists a
vector a ∈ RN such that

ϕ(Dαp) =

N∑
j=1

ajδxj (D
αp), ∀p ∈ πk(Rn)|Ω

Since ∀x ∈ X δx ∈ (πk(Rn)|Ω)∗ we have that ∀x ∈ Ω∃aj ∈
RN such that

δx(Dαp) =

N∑
j=1

ajD
αp(xj), ∀p ∈ πk(Rn)|Ω

and so we have that there exists real numbers aj(x) such that

Dαp(x) =
N∑
j=1

ajD
αp(xj), ∀p ∈ πk(Rn)|Ω

if α = 0 then the bound follows immediately from ||δx||L∞ = 1
and Lemma 1

N∑
j=1

|aj(x)| ≤ (1− 2

A
)−1 =

A

A− 2

and we are done. If |α| > 0 then

Dαp(x) =

N∑
j=1

aαj p(xj), ∀p ∈ πk(Rn)|Ω

with aαj (x) = aj(x)Dαp(xj)/p(xj). The bound then follows
same as above but with the addition of assuming Ω satisfies
some interior cone condition with radius r and angle θ and
applying Lemma 3

N∑
j=1

|aαj (x)| ≤
N∑
j=1

(|aj(x)|) ||
Dαp

p
||L∞(Ω) ≤

A

A− 2

(
2k2

r sin θ

)|α|
and we’re done.

We can now combine this result with Theorem 1 to get the
main result of this section and our most general result, which
bounds f on Ω in terms of the diameter R of the set.

Theorem 3. Let f ∈ Ck(Ω) for open bounded Ω ⊂ Rn
which is star shaped, with k ≥ 1 and k ≥ |α| for α a multi-
index. Let R = maxx,y∈Ω ||x − y||∞. Let the sets Ω and
XΩ = {x1, ..., xN} ⊆ Ω satisfy:

1) ∀x ∈ Ω ∃xj ∈ XΩ such that there exists a line segment of
length ` passing through x and xj and entirely contained
in Ω, with ` ≥ Ak2||xj − x||2 for some constant A > 2

2) if |α| > 0 then Ω satisfies an interior cone condition for
some r > 0, θ ∈ (0, π2 )

Then we have that:

||Dαf ||L∞(Ω) ≤

Ck,n,|α|,R,r,θ

(
Rk−|α| max

|β|=k
||Dβf ||L∞(Ω) +R−|α|||f |XΩ||∞

)

where f |XΩ represents the function f restricted to the set XΩ

and

Ck,n,|α|,R,r,θ = max

{
{
nk−|α|

(k − |α|)!
+

A

A− 2

(
2(k − 1)2R

r sin θ

)|α| (
nk

k!

)
,

A

A− 2

(
2(k − 1)2R

r sin θ

)|α|}
Proof. Recall that by definition of star shaped, Ω is star shaped
with respect to some point a ∈ Ω. Then from the triangle
inequality we have that

||Dαf ||L∞(Ω) ≤ ||Dαf −DαTka f ||L∞(Ω) + ||DαTka f ||L∞(Ω) (3)

Applying Lemma 1 to this we immediately get

||Dαf ||L∞(Ω) (4)

≤
nk−|α|

(k − |α|)!
Rk−|α| max

|β|=k
||Dβf ||L∞(Ω) + ||DαTka f ||L∞(Ω)

(5)
We can bound the second term in (3) using Theorems 1 and 2
together

|DαTka f(x)|≤
N∑
j=1

|aαj (x)| · |Tka f(xj)|

≤
A

A− 2

(
2k2

r sin θ

)|α|
max

1≤j≤N
|f(xj)− f(xj) + Tka f(xj)|

≤
A

A− 2

(
2k2

r sin θ

)|α| (
||f − Tka f ||L∞(Ω) + ||f |XΩ||∞

)
≤

A

A− 2

(
2k2

r sin θ

)|α| (
nk

k!
Rk max
|β|=k

||Dβf ||L∞(Ω) + ||f |XΩ||∞
)

∴ ||DαTkf ||L∞(Ω)≤
A

A− 2

(
2k2R

r sin θ

)|α|
·
(
nk

k!
Rk−|α| max

|β|=k
||Dβf ||L∞(Ω) +R−|α|||f |XΩ||∞

)
Combining the above with (4) we then have

||Dαf ||L∞(Ω)

≤ nk−|α|

(k − |α|)!
R
k−|α|

max
|β|=k

||Dβf ||L∞(Ω)

+
A

A− 2

(
2k2R

r sin θ

)|α| (
nk

k!
R
k−|α|

max
|β|=k

||Dβf ||L∞(Ω) + R
−|α|||f |XΩ||∞

)

=

 nk−|α|

(k − |α|)!
+

A

A− 2

(
2k2R

r sin θ

)|α| (
nk

k!

)Rk−|α| max
|β|=k

||Dβf ||L∞(Ω)

+
A

A− 2

(
2k2R

r sin θ

)|α|
R
−|α|||f |XΩ||∞

≤ Ck,n,|α|,R,r,θ
(
Rk−|α| max

|β|=k
||Dβf ||L∞(Ω) +R−|α|||f |XΩ||∞

)
where

Ck,n,|α|,R,rθ = max

 nk−|α|

(k − |α|)!
+

A

A− 2

(
2k2R

r sin θ

)|α| (
nk

k!

)
,

A

A− 2

(
2k2R

r sin θ

)|α|

We can see that this result shows that the convergence has
two terms that go as O(Rk−|α|) and O(R−|α|) respectively.
Assuming small R, convergence will increase with smoothness
k and for |α| = 0 i.e. just bounding f itself, we can see the
convergence rate goes just as O(Rk). However, for increasing
values of |α| the O(R−|α|) term will be growing larger, and
so we must be more careful to keep ||f |XΩ||∞ small to get
good convergence.



VI. BOUNDS IN TERMS OF FILL DISTANCE

We can now see that if we can show that X can be covered
by subsets Ω satisfying the above conditions then we can bound
f on X . How we define these subsets depends on how we want
to define our set of centers X . One commonly used metric for
describing how a set of centers X covers a set X is the fill
distance, who’s definition we take from [7]

Definition 4. The fill distance of a set of points X =
{x1, . . . , xN} ⊆ X for a bounded domain X is define to
be

hX,X := sup
x∈X

min
1≤j≤N

||x− xj ||2

One way to interpret this fill distance is as the radius of
the largest ball which is contained in X and does not contain
a center xj . This means that any ball contained in X with
radius larger than hX,X is guaranteed to contain a center xj .
We note that for any subset Ω of X , any ball contained in Ω
with radius larger than hX,X is also guaranteed to contain a
center xj . This property can be used to define subsets that
satisfy our conditions by noting one simple property of cones,
that we outline below.

Lemma 4. Suppose that K(x, ξ, θ, r) is a cone defined as in
(2). Then for every h ≤ r/(1+sin θ) the closed ball Bh sin θ(y)
with center y = x + hε and radius h sin θ is contained in
K(x, ξ, θ, r). In particular if z is a point from this ball then
the whole line segment x + t(z − x)/||z − x||2, t ∈ [0, r] is
contained in the cone.

Proof. See Lemma 3.7 in [7]

We can now prove conditions on a subset Ω of X , for X
with a fill distance hX,X .

Lemma 5. Let f ∈ Ck(X ) for bounded X ⊂ Rn with k ≥ |α|
for α a multi-index, and let X have fill distance hX,X over X .
Let Ω ⊆ X be open, star shaped with respect to some point
a, and satisfy a cone condition with radius r > 0 and angle
θ ∈ (0, π/2). If the fill distance satisfies

hX,X ≤
r sin θ

Ak2(1 + sin θ)

for constant A > 2, then Ω satisfies the conditions of Theorem
3.

Proof. Since Ω satisfies an interior cone condition we have
that for any x ∈ Ω and any h ≤ r/(1 + sin θ) there is a line
segment from x to any point in some ball of radius h sin θ.
We have

hX,X ≤
r sin θ

4k2(1 + sin θ)

=⇒ hX,X
sin θ

≤ r/(1 + sin θ)

and so for any point x ∈ Ω there is a line segment of length r
from x passing through any point in the closed ball BhX,X (x+
hX,X ). By definition any closed ball of radius hX,X contains
a center, and so there exists a line segment of length r from
any point x passing through some center xj . We also have

||x− xj || ≤ ||x− (x+hX,X )||+ ||x+ hX,X − xj ||

≤ hX,X +
hX,X
sin θ

= hX,X
1 + sin θ

sin θ

Combining these we have that for any x ∈ Ω there exists a
line segment of length r contained in Ω, passing through x
and some center xj and

r ≥ 4k2hX,X
1 + sin θ

sin θ
≥ 4k2||x− xj ||2

and so clearly all conditions of Theorem 3 are satisfied.

Finally we see that to bound f on X in terms of the fill
distance hX,X of X , we simply need to show that every x ∈ X
belongs to some subset Ω satisfying the above conditions. We
can do so by covering X by specifically constructed subsets
Ωt, which has been done already in [7], and so we use that
construction here.

Let X be bounded and satisfy an interior cone condition
with radius R0 and angle ϕ, and let A > 2 some constant. We
introduce the following quantities. Let

θ := 2 sin−1 (sinϕ/4(1 + sinϕ))

Q(k, ϕ,A) :=
sinϕ sin θ

2Ak2(1 + sinϕ)(1 + sin θ)
(6)

R :=
hX,X
Q(k, ϕ)

r := R
sinϕ

2(1 + sinϕ)

From these we then define the sets Tr := {t ∈ 2r√
n
Zn : Br(t) ∈

X} and

Ωt := {x ∈ X : co({x} ∪Br(t)) ⊆ X ∩BR(t)}, t ∈ Tr
where co(D) denotes the closed convex hull of the set D. With
these quantities defined we have the following lemma from
[7].

Lemma 6. With the quantities just introduced, assume hX,X ≤
Q(k, ϕ)R0. Then the following hold:

1) Each Ωt is star shaped with respect to the point t.
2) Each Ωt satisfies an interior cone condition with radius

r and angle θ.
3) X = ∪t∈TrΩt and 2r ≤ maxx,y∈Ωt ||x − y|| ≤ 2R =

2hX,X
Q(k,ϕ,A)

With this is hand we can prove our bound in terms of the
fill distance hX,X .

Theorem 4. Let f ∈ Ck(X ) for bounded X ⊂ Rn satisfying
an interior cone condition with radius R0 and angle ϕ, with
k ≥ |α| for α a multi-index. If the fill distance hX,X of X over
X satisfies hX,X ≤ Q(k, ϕ,A)R0 for some constant A > 2
we have that

||Dαf ||L∞(X ) ≤

Ck,n,|α|,ϕ

(
h
k−|α|
X,X max

|β|=k
||Dβf ||L∞(X ) + h

−|α|
X,X ||f |X||∞

)
where

Ck,n,|α|,ϕ = max

{
nk−|α|

(k − |α|)!
+Bk,|α|,ϕ

(
nk

k!

)
, Bk,|α|,ϕ

}
and

Bk,|α|,ϕ =
A

A− 2

(
4(k − 1)2(1 + sinϕ)

sinϕ sin
(
2 sin−1 (sinϕ/4(1 + sinϕ))

))|α|



Proof. We use the quantities introduced in the paragraph before
Lemma 6. Since we have that hX,X ≤ Q(k, ϕ)R0 we can apply
Lemma 6. We also note that

hX,X =
r sin θ

4k2(1 + sin θ)

by construction. Combining these two facts we see that each
set Ωt satisfies the conditions for Lemma 5, and every x ∈ X
belongs to some Ωt. Therefore

||Dαf ||L∞(X ) ≤

C′k,n,|α|,R,r,θ

(
(2R)k−|α| max

|β|=k
||Dβf ||L∞(X ) + (2R)−|α|||f |X||∞

)
where

C′k,n,|α|,R,r,θ

= max

{
nk−|α|

(k − |α|)!
+ 2

(
k2(2R)

r sin θ

)|α| (
nk

k!

)
, 2

(
2k2(2R)

r sin θ

)|α|}

Substituting in values for R, r, and θ and rearranging gives us

||Dαf ||L∞(X ) ≤

Ck,n,|α|,ϕ

(
h
k−|α|
X,X max

|β|=k
||Dβf ||L∞(X ) + h

−|α|
X,X ||f |X||∞

)
where

Ck,n,|α|,ϕ = max

{
nk−|α|

(k − |α|)!
+Bk,|α|,ϕ

(
nk

k!

)
, Bk,|α|,ϕ

}
and

Bk,|α|,ϕ =
A

A− 2

(
4k2(1 + sinϕ)

sinϕ sin
(
2 sin−1 (sinϕ/4(1 + sinϕ))

))|α|
and so we have the desired result.

We can see this bound has the same properties as that in
Theorem 3, but now goes as fill distance hX,X instead of R, and
covers the whole set X . This means that for bounding f (|α| =
0) our bound will improve as we decrease the fill distance, but
for |α| > 0 we must decrease ||f |X||∞ in conjunction with
the fill distance.

VII. MAIN RESULT

We can now return to our RKHS setup and, reintroducing the
lambda, recall that fλ = g− ĝλ, with g our target function and
ĝλ our approximation both in HK, for kernel K ∈ C2k(X ×X ).
We note also that we showed that ||fλ|X||∞ ≤

√
λ||ĝ0||HK .

Substituting these into our bound in Theorem 4 gives us

||Dα(g − ĝλ)||L∞(X ) ≤

C

(
h
k−|α|
X,X max

|β|=k
||Dβ(g − ĝλ)||L∞(X ) +

√
λh
−|α|
X,X ||ĝ0||HK

)
where C is the constant defined there.

To get our final result we want the right hand side to depend
on the smoothness of the target function g, and so we note
an important result from Theorem 1 in [13] which bounds the
derivatives of a function in a kernel space by its kernel norm:

∑
|β|≤k

||Dβf ||L∞(X ) ≤
√
nk

∑
|β|≤2k

||DβK||L∞(X )||f ||HK , ∀f ∈ HK

which applied in our case immediately gives us

max
|β|=k

||Dβ(g − ĝλ)||L∞(X ) ≤
√
nk

∑
|β|≤2k

||DβK||L∞(X )||g − ĝλ||HK

We see also that because ĝλ is the minimiser to the inter-
polation/regression problem, we have that ||ĝλ||HK ≤ ||g||HK
and so combining these we finally have

||Dα(g−ĝλ)||L∞(X ) ≤ C ′
(
h
k−|α|
X,X ||g||HK +

√
λh
−|α|
X,X ||g||HK

)
where

C ′ = 2

√
nk
∑
|β|≤k

||DβK||L∞(X ) · C

is a constant. It is this final step that allows us to avoid the
requirements of a specific smoothness measure and work with
any continuously differentiable kernel. We state this result
finally as the below theorem, which we outlined above in
Section 4.

Theorem 5. Let g ∈ Hk, be our target function with K ∈
C2k(X×X ), and ĝλ defined as in 1, with λ ≥ 0 our smoothing
parameter. We have k ≥ |α| for α a multi-index. Let X ⊂ Rn
be bounded and satisfying an interior cone condition with
radius R0 and angle ϕ.

If the fill distance hX,X of X over X satisfies hX,X ≤
Q(k, ϕ,A)R0 for Q(k, ϕ,A) a constant determined by the
target degree of smoothness k, and the interior cone condition
parameters ϕ and A, and defined as in (6), then

||Dα(g − ĝλ)||L∞(X ) ≤ Ck,n,|α|,ϕ,K
(
h
k−|α|
X,X ||g||HK +

√
λh
−|α|
X,X ||g||HK

)
where we have the three constants Ck,n,|α|,ϕ,K, Bk,|α|,ϕ and
Dk,n,K defined by

Ck,n,|α|,ϕ,K =

max

{
Dk,n,K ·

(
nk−|α|

(k − |α|)!
+Bk,|α|,ϕ

(
nk

k!

))
, Bk,|α|,ϕ

}

Bk,|α|,ϕ =
A

A− 2

(
4(k − 1)2(1 + sinϕ)

sinϕ sin
(
2 sin−1 (sinϕ/4(1 + sinϕ))

))|α|

Dk,n,K = 2

√
nk
∑
|β|≤k

||DβK||L∞(X )

VIII. DISCUSSION

Our bound allows us to immediately extend existing results
limited to Sobolev-equivalent kernels, to any continuously
differentiable kernel. We will look at two important examples
below.

A. Smoothing Parameter Selection
One example is the optimal choice of smoothing parameter

λ, in cases where we need it to be greater than zero. This is
extremely important in cases where there may be perturbations
in the data, and so the interpolation problem could give
undesirable solutions. Such a result for Sobolev spaces is
typified by Proposition 3.6 from [10], which gives an error
bound equal to the interpolation bound, by correct choice
of λ > 0. We can immediately extend this result to any
continuously differentiable kernel.



From Theorem 5 we have that, under the given conditions,
if we choose λ ≤ h2k

X,X then

||Dα(g − ĝλ)||L∞(X ) ≤ Ch
k−|α|
X,X ||g||HK

with C the constant defined in Theorem 5, and so we guarantee
the convergence scales as it does in the interpolation case,
going as O(N (|α|−k)/n), N the number of sample points, n
the dimension. This gives us new convergence guarantees for
kernels used in many practical applications, that were not
covered by the Sobolev work.

B. Kernel-based Quadrature
Another important application of RKHS for which we

can extend results is the area of kernel-based quadrature,
or Bayesian quadrature as it also known. This is a method
of numerical integration that assumes the integrand belongs
to some RKHS, and constructs weighted function evaluation
points to keep the worst case error small.

Simply stated, given some known probability distribution P
on X and g our integrand, the goal is to choose {(wi, xi)}Ni=1
so that the approximation∫

g(x)dP (x) ≈
N∑
i=1

wig(xi)

has small worst case error. Choosing the weights wi amounts
to solving the RKHS interpolation problem defined above, and
so this is equivalent to minimising the worst case error for∫

g(x)dP (x) ≈
∫
ĝ0(x)dP (x)

A standard result in this field is Theorem 9 from [8], which
leaving aside their addition of misspecified smoothness, gives
a bound under the assumption that g belongs to some Sobolev
space W k

2 . We can again immediately extend this result to
general continuously differentiable kernels. From Theorem 5
with its given assumptions, applied as in [8], we have that∣∣∣∣∫ g(x)dP (x)−

∫
ĝ0(x)dP (x)

∣∣∣∣ ≤ C||P ||L2(X )h
k
X,X ||g||HK

where C is the constant in Theorem 5. This is a worst
case bound for kernel-quadrature with general continuously
differentiable kernels, giving us new approximation guarantees
for a wide range of popular kernel choices.

IX. CONCLUSIONS AND FURTHER WORK

Our work extends previous results to more useful kernel
choices. This gives us new and improved bounds in areas
such as parameter selection and numerical integration, with
bounds for any choice of continuously differentiable kernel. Our
analysis covers popular choices of kernel such as polynomial
or exponential quadratic kernels, that are missed my previous
function approximation work. We have also given explicit
values for the constants appear throughout our proofs, unlike
both [7] and [8], making clear the dependencies on the
variables.

There is more work that can be done in seeing if our most
general result, Theorem 3, can be used to define different
bounds depending on how we describe the set of centers X .
Our main result follows from using the fill distance and interior
cone condition, but the generality of Theorem 3 allows for
other approaches.
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